Exercises in Introduction to Mathematical Statistics (Ch. 2)

Tomoki Okuno

September 14, 2022

Note

e Not all solutions are provided: exercises that are too simple or not very important to me are skipped.

e Texts in red are just attentions to me. Please ignore them.

2 Multivariate Distributions

2.1 Distributions of Two Random Variables

2.1.1. Let f(x1,x2) = 4z122, 0 < 21 < 1, 0 < 23 < 1, zero elsewhere, be the pdf of X; and X,. Find
P(0< X; < 3,2 <Xy <1), P(X1 =X2), P(X1 < Xa), and P(X; < X5).

Solution.

11 L2 15
P O<X1<*,*<X2<1 :/ / drixodxidrs = -+ = —

P(X; = X5) =0 since the support is a segment not area
1 xro 1 1 . 1
P(X; < X)) = / / 4rivodridry = / 2x%x2|§1zgzdx1dxg = / 2x§dx2 =3
o Jo 0 0

1
P(Xngg)ZP(Xl<X2)—|—P(X1:X2):P(X1<X2):§

2.1.2. Let A; = {(z,y) : ® <2,y <4}, Ay = {(z,y) : © < 2,y <1}, A3 = {(z,y) : * <0,y < 4}, and
Ay = {(z,y) : © < 0,y < 1} be subsets of the space A of two random variables X and Y, which is the
entire two-dimensional plane. If P(4;) = I, P(Ay) = § , P(43) = £, and P(A4) = 2, find P(4s), where
As ={(z,y) : 0 <z <21 <y <4}

Solution. P(As) = P(A;) — P(As) — P(As) + P(Ay) = 3.
2.1.3. Let F(z,y) be the distribution function of X and Y. For all real constants a < b, ¢ < d, show that
Pla< X <b,ec<Y <d)=F(b,d) — F(b,c) — F(a,d) + F(a,c).
Solution.
Pla<X <b,c<Y <d)=PX<bc<Y <d)—P(X<a,c<Y <d)

(X <bY<d)-PX<bY<e¢)—P(X<aY<d+PX<aY <c)
(b,d) — F(b,c) — F(a,d) + F(a,c).

P
F

2.1.7. Let f(z,y) = e ™Y 0 <2z < o0, 0 <y < 00, zero elsewhere, be the pdf of X and Y. Then if
Z =X+Y, compute P(Z <0), P(Z <6), and, more generally, P(Z < z), for 0 < z < co. What is the pdf
of Z.



Solution.

Compute the general probability:

P(Z<z)=P(X4+4Y<2)=PY <-X+2)

e T Ydydx = et —e Fdr=1—¢e%—ze *.
Y
0

Hence, P(Z <0) =0, P(Z<6)=1—"7e % and f(z) = F'(z) = z¢7*, 0 < z < 00, zero elsewhere.

2.1.8. Let X and Y have the pdf f(z,y) =1,0 <z < 1,0 <y < 1, zero elsewhere. Find the cdf and pdf of
the product Z = XY

Solution.

If 2 <0, then F(z) = P(Z < z) = 0 because Z > 0.

z pl 1 pz/z
F(z):P(Zgz):P(Ygz/X):/ / dyder/ / dydr =z —zlogz, 0<z<1,
o Jo = Jo

and one z > 1. Hence, the pdf pf Z is
fz(z)=F'(z) =—logz, 0<z<1,

zero elsewhere.

2.1.11. Let X; and Xo have the joint pdf f(z1,x2) = 1595%302, 0 < 21 < x99 < 1, zero elsewhere. Find the
marginal pdfs and compute P(X; + X5 < 1).

Solution.

1 2 2
15x7(1 —
Ix, (z1) :/ 15x%x2dx2 = M, 0<z <1,

1

T2
Ifx,(z2) = / 1522 x0de, = 5x§, 0< o <1,
0

1/2 1—x; 5
P(X1+X2§1):15/ x§</ x2d$2>dw1:---264.
0 Ty

2.1.13. Let X1, X5 be two random variables with the joint pmf p(z1, z2) = (21 +22)/12, for z1 = 1,2, 29 =
1,2, zero elsewhere. Compute E(X1), E(X?), E(X2), E(X3), and E(X1X5). Is E(X1X2) = E(X1)E(X2)?
Find E(2X; — 6X2 + 7X; X>).

Solution.

First, find the marginal pdfs:

o (@1) = i: Tty _ xll—;l N $11;2 _ 2:10112—1—37 P (2) = 2x21;—3.
Hence
2 5 14 19
E(X)) = mlz_:lxlp(h) =px, (1) +2px,(2) = ITRETIRETE
B(X3) = px, (1) + 2px, (2) =

19 33

E(X2) = E(Xy) = IR E(X3) = B(X7) = I



Also, use the joint mgf to obtain

B(X1%) = Y axmapln, 1) = p(1, 1) + 2p(2,1) +2p(1,2) + 4p(2,2) = _ # B(X1)E(Xy).

Tr1x2
Therefore,

19 33 5 25
E(2X] —6X24+7X1X,)=2"—" —6= + 7= = =,
(X1 = 6X5 +7X1Xe) =295 =65 +75 =5

2.1.15. Let X;, X2 be two random variables with joint pmf p(z1,z2) = (1/2)****2 for 1 < z; < o0,
1 = 1,2, where X; and X, are integers, zero elsewhere. Determine the joint mgf of X, X5. Show that
M (t1,t2) = M(t1,0)M(0,2).

Solution.
> 1/2)m+1
= yygyetes = WP g gy =(1/2)*
) = 3201/2) o1 =12 pe) =0/2)
To=
o0 t 2 et
My, (t) = trgye = €12 _ = My, (1), t<log2
X, (1) Zl(e/ ) e 2 x:(t), t<log2,
1=
Mty t) = Y 3 etorttan(qjgyncten = 37 (el ) ™ etz /)2
r1=122=1 zr1=1 zro=1

= My, (t1)Mx, (t2) = M(t1,0)M(0, £,).

2.2 Transformations: Bivariate Random Variables

2.2.1. If p(a1, 22) = (3)™772(5)*7"1 722, (21, 32) = (0,0),(0,1),(1,0), (1,1), zero elsewhere, is the joint pmf
of X7 and X5, find the joint pmf of Y1 = X; — X5 and Y5 = X7 + Xo.

Solution.

The support of (Y1,Y2) is (y1,y2) = (0,0),(—1,1),(1,1),(0,2). Since the one-to-one inverse functions are
21 = (y1+y2)/2 and 22 = (y2 — y1)/2,

(oys) = p (P22 2 =91 _ 2\" (17"
Py1,v>\Y1,Y2 p 2 ) 2 3 3 9

zero outside the support.

2.2.5. Let X7 and X3 be continuous random variables with the joint pdf fx, x,(x1,22), —00 < z; < o0,
1= 1,2 Let }/1 :Xl +X2 and Y2 ZXQ.

(a) Find the joint pdf fy; v,.
Solution.

The inverse functions are x1 = y1 — y2, T2 = y2 and then the Jacobian J = 1. Hence

Fyiye (W1, y2) = Fxyx (1 — y2, v2) || = Fxy,x, (Y1 — y2,92).

(b) Show that

le (yl) = /_ fX1,X2 (yl - y2ay2)dy2a (225)

which is sometimes called the convolution formula.
Solution.

The support is —00 < y1 — Y2 < 00, —00 < Yg < 00, l.e., —00 < y; < 00, i = 1,2, which gives (2.2.5).



2.2.6. Suppose X and X, have the joint pdf f(z1,x2) = e~ (®122) 0 < z; < 00, i = 1,2, zero elsewhere.
(a) Use formula (2.2.5) to find the pdf of Y1 = X7 + Xo.
Solution.

Since the support of (Y7,Y2) is 0 <y; —y2 <00, 0 <yo <00 = 0<ys <y <00,

[e'e] Y1
fvi(y) = / Ixi,x: (Y1 — Y2, y2)dy2 = / e dyy = yie”¥, oy > 0.
—00 0

(b) Find the mgf of Y3
Solution.

M(t) = /ooy e~ (=ngy, = 1'(2) 1y -
0 1—t (1—1)2’ '

2.2.7. Use the formula (2.2.5) to find the pdf of Y7 = X; + X5, where X; and Xy have the joint pdf
Ixy.5 (1, 2) = 2e~(1472) () < 21 < 29 < 00, zero elsewhere.

Solution.

Since the support of Y7 and Yo is 0 < 7 —y2 <72, 0 <ya <00 = 0<11/2 <yo < y1 < 00,

Y1

Tvilyr) = / Ix1,x: (W1 — Y2, 92)dy2 = / 2e " Vidys = y1e” Y, oy >0,
—o0 y1/2

which means Y ~ Exp(1).
2.2.8. Suppose X; and Xs have the joint pdf

e Fre™™2 g1 > 0,29 >0

f($1,$2) = {

0 elsewhere

For constants w; > 0 and wo > 0, let W = w; X7 + we Xo.
(a) Show that the pdf pf W is

L__(emw/wi _gmw/w2) 4y >0

f(xlva) = {wl_w2

0 elsewhere -

Solution.

Let Z = wy X1 — ws X5. This is one-to-one transformation so that we have

w+ z w—z
T = , To = .
! 2wq 2 2ws
Then the Jacobian is given by
s |5 % 2w 12w |1
ﬁ 822 1/211}2 —1/2’(1)2 2w woy ’
Hence the joint pdf of W and Z is
Fwg(w2) = f(EF2 W2 g ot L L e B
’ 2w 2w 2w wsg 2w wsg
The support is
w+ z w—z
, >0 = w>0, —w<z<w.
2’(1)1 2’[1}2



Hence the marginal pdf of W is

1 wytwy W wy —wy 2
fW(w) — 276 2wy wyg e 2wiwz dZ
wW1W2 —w
wyFwy wy—wy W
— ;6_ 2wy wy ¥ [6 2wy ws Z}
w1 — W —w
wi fwy w] —wy wy —way
— ;6_ Zwiwy ¥ (6 2wiwg ¥ _ g Twiws w)
wy — w2
1 —w/wy —w/wa
= (e —e ), w>0.
wy — w2

(b) Verify that fy (w) > 0 for w > 0.
Solution.

If wy > wo, then wy — wy > 0, e~ /W1 — ¢=w/W2 5 () hecause g(x) = e~/ is increasing for a > 0.
If wy < ws, then wy —wy < 0, e~ ®/®¥1 — e=®/®2 < (. Hence, fy(w) > 0 for w > 0.

(c) Note that the pdf fy(w) has an indeterminate form when w; = ws. Rewrite fy(w) using h defined
as wy — we = h. Then use I’H"opital’s rule to show that when w; = wy, the pdf is given by fi (w) =
(w/w?) exp{—w/w;} for w > 0 and zero elsewhere.

Solution.

When w; = ws, or equivalently h — 0,

[e—w/wl _ e—w/(wl—h)}
lim fyw (w) = lim

h—0 h—0
d —w/w —w/(wy—

g @1 o — e/t ]

h—0 dh/dh

[0+ {w/(wy — ) pe /M)
= lim

h—0 1
= w/w%e‘w/“’l.

2.3 Conditional Distributions and Expectations

2.3.5. Let X; and X5 be two random variables such that the conditional distributions and means exist.
Show that:

(a) E(X1 + X2|X2) = E(X1|X2) + XQ.
Solution.

Consider X5 = 25 (a fixed number) first.

E(Xl + X2|X2 = 1'2) = E(X1|X2 = ZL’Q) + To = E(X1 + X2|X2) = E(Xl‘Xg) + XQ.

(b) E(u(X2)[Xz) = u(Xz).
Solution. E(u(X32)| X2 = z2) = E(u(xz2)) = u(ze) = E(u(X2)|X2) = u(Xa).
2.3.6. Let the joint pdf of X and Y be given by

2

0 elsewhere.



(a) Compute the marginal pdf of X and the conditional pdf of Y, given X = z.

Solution.

10 [ et i, ~ e
_ flay) 20 +a2)?
flylz) = @) _(1—|—a:+y)3 0<z<o0, 0<z<o0,

0<ax<oo,

zero elsewhere.

(b) For a fixed X = z, compute E(1 + z + Y|x) and use the result to compute E(Y |x).

o= | l,

Since EQ+z+Y|z)=1+z+ E(Y|x), E(Y|z) =1+ .
2.3.7. Suppose X; and X, are discrete random variables which have the joint pmf p(z1, z2) = (321 +2x2)/24,
(r1,22) = (1,1),(1,2),(2,1),(2,2), zero elsewhere. Find the conditional mean F(Xsz|z1), when z; = 1.

Solution.

—2(1+z)?
(1+z+y)

2(1 + z)?
(1+z+y)?

2(1 + x).

E(1+JJ+Y|x):/w(1+x+y)
0

Solution.

5

24

7

_ 4 +2
a 12°

E(Xplzy =1)= Y aap(l,22) =p(1,1) + 2p(2,1) 2

I2€(1,2)
2.3.8. Let X and Y have the joint pdf f(z,y) = 2exp{—(z +y)}, 0 < & < y < o0, zero elsewhere. Find the

conditional mean E(Y|z) of Y, given X = x.

Solution.

r,y)
f(z)

r—

= e Y

f(@) / 2exp{—( +y)}dy = 275 = fyi(yla) = 0<z<y< oo

Hence,
E(Y|z) = / ye" Vdy = / (x+t)etdt=x+1, 2>0.
T 0

2.3.10. Let X; and X5 have the joint pmf p(z1,22) described as follows:

(w1, 22) ‘ (0,00 (0,1) (1,0) (1,1) (2,00 (2,1)
p(l‘1,$2) ‘ 1 3 4 3 [§] T

18 18 18 18 18 18

and p(x1,xs2) is equal to zero elsewhere. Find the two marginal probability mass functions and the two

conditional means.
Hint: Write the probabilities in a rectangular array.

Solution.
4
11 75 21=0
T T2 = 0
p($1) = {178 B p(l‘Q) = % T = 1 5
15 r2=1 7
18 Tr1 = 2
3
16 Ty = 0 18 =
E(X |Xy =29) = ¢ 13 , BEXaolXi=m)=q1 21=
18 ) :]. 1
18 r1 = 2



2.3.11. Let us choose at random a point from the interval (0, 1) and let the random variable X; be equal to
the number that corresponds to that point. Then choose a point at random from the interval (0, z), where
x1 is the experimental value of X7; and let the random variable X5 be equal to the number that corresponds
to this point.

(a) Make assumptions about the marginal pdf fi(z1) and the conditional pdf fo); (w2|z1).
Solution.
Assume that X7 ~ U(0,1) and X5|X; = 21 ~ U(0, 23):

Fla)) =10 <z < 1), flagley) = %”O <5 <),

(b) Compute P(X; + X2 > 1).
Solution.
By (a), fi2(w1,22) = f(@2|z1) f(z1) = 1/21, 0 < 22 < 21 < 1. Hence,

1 x1 1 1 1
P(X; +X221):P(X221—X1):/ / —dxgdxlz/ (2—> dr; =1—log2.
1/2JJ1—2, T1 1/2 T1

(c) Find the conditional mean E(X;|z2)
Solution.

Find f(x2) to get f(x1]z2).

1
1 1
flx2) :/ —dry = —logxe, 0 <2 <1 = f(x1]22) = fl@1,22) = — ,0<ay <oy <1,
2y T1 f(x2) x1 log T

Hence,

1
1 1-—
E(X1|X2 :LL'Q) :/ 2 , 0< g < 1.

— dr; =
v, 10g T2 ! log(1/xz2)

2.3.12. Let f(z) and F'(z) denote, respectively, the pdf and the cdf of the random variable X. The conditional
pdf of X, given X > 1z, 2o a fixed number, is defined by f(x|X > z¢) = f(x)/[1 — F(x0)], zo < z, zero
elsewhere. This kind of conditional pdf finds application in a problem of time until death, given survival
until time xg.

(a) Show that f(z|X > xg) is a pdf.
Solution.

Since f(z) > 0 and 0 < F(x) <1, f(z|X > zo) = f(x)/[1 — F(x0)] > 0. Also,

/1:0 f(x|X > xg)dx = /I:O i —fg()xo)]dx = = ;(xo)] [F(x)]5c =1 since F(oo) = 1.

(b) Let f(x) =e™%, 0 < z < 00, and zero elsewhere. Compute P(X > 2|X > 1).
Solution.

Since F(z) =1—e"%,2 >0, f(z|X > 1) = f(z)/[1l — F(1)] = e~**!. Hence,

P(X>2|X>1)= / f(z|X > 1)dz = / e "M dy = [—e "M =L
2 2



2.4 Independent Random Variables
2.4.1. Show that the random variables X; and Xs with joint pdf

12931562(1 7562) O<ari <1, 0<a<1

0 elsewhere

f(xl,l“z) :{

are independent.
Solution.

The support is rectangular (a product space). And f(x1,23) can be written as a product of a nonnegative
function of z; and a nonnegative function of x5 : f(x1,z2) = g(x1)h(x2), where g(x1) = 122,10 < z1 < 1)
and h(zg) = x9(1 — 22)I(0 < 25 < 1). Thus, X; and X5 are independent.

Another solution is f(z1,22) = f(x1)f(x2), where f(z1) = 221 and f(x2) = 6z2(1 — z3) are marginal pdfs
of X; and Xs.

2.4.2. If the random variables X; and X5 have the joint pdf f(z1,z2) = 2e7"17%2, 0 < 27 < Z2, 0 < 22 < 00,
zero elsewhere, show that X; and X, are dependent.

Solution.

Although the joint pdf can be expressed by a product of two nonnegative functions of x; and zs, respectively,
0 < z1 < 3 < 00 is not a product space, which implies that X; and X, are dependent.

2.4.3. Let p(x1,22) = %, 1 =1,2,3,4, and zo = 1,2, 3,4, zero elsewhere, be the joint pmf of X; and Xo.

Show that X; and X5 are independent.
Solution.

The marginal pdfs of X; and X, are p(z1) = p(z2) = 1/4. So p(x1,z2) = p(x1)p(x2) and the space is
rectangular, which gives us X; and X5 are independent.

2.4.4. Find P(0 < X; < 1, 0 < X3 < 1) if the random variables X1 and X5 have the joint pdf f(z1,z2) =
dr1(1 —29), 0 <21 < 1,0 < 29 < 1, zero elsewhere.

Solution.

Since f(z1) =2x1, 0 <z <1 and f(z3) =2(1 —x2), 0 <2 < 1 and X; and X, are independent,

1 1 1 1
P<0<X1<,0<X2<)P(0<X1<3)P<0<X2<3>

3 3
1/3 1/3
= / 2x1dxy / 2(1 — w2)dx2
0 0

(Y (2\_ 2

S \9/\9/) 81’
2.4.5. Find the probability of the union of the events a < X7 < b, —00 < X5 < 00, and —o0 < X7 < o0,
¢ < X5 < dif X1 and X5 are two independent variables with P(a < X7 < b) = 2 and Ple< Xo<d) = %.

3

Solution.

P{a< X1 <boo< Xy <oo}U{—00< X <00, < Xg<d})

=P{a< X; <blU{ec< X2 <d})

=Pla<X;<b)+Plc<Xa<d)—P{a< X1 <b}n{c< Xa <d})
(a<X1<b)+Plc<Xo<d)—Pla< X1 <bP(c< Xs<d)

=P
_2.5 25\ T
38 3\8) ¢



2.4.8. Let X and Y have the joint pdf f(z,y) = 3z, 0 < y < & < 1, zero elsewhere. Are X and Y
independent? If not, find E(X|y).

Solution.

X and Y are not independent because the support 0 < y < z < 1 is not rectangular (not a product space).
So find f(y) first: f(y) = f; 3zdr = 3(1 — y?)/2, 0 <y < 1, zero elsewhere. Hence

[ fy) [P 227 2093 201+y+yP)
RIS e e e (e R e AL

2.4.10. Let X and Y be random variables with the space consisting of the four points (0,0), (1,1), (1,0),
(1,—1). Assign positive probabilities to these four points so that the correlation coefficient is equal to zero.
Are X and Y independent?

Solution.

Assume the uniform distribution as shown below:

T1, T -1 0 1 px, (z1)
0 0 1/4 0 1/4
1 1/4 1/4 1/4 3/4

sz(iEg) 1/4 1/2 1/4

Then, correlation coefficient p = 0 because

E(X)=3/4, E(Y)=0, EXY)=-1/44+1/4=0 = E(XY)-EX)E(Y)=0.

However, P(X; = X9 =1) =1/4 # 3/16 = px, (1)px, (1), meaning that X and Y are not independent.

2.4.11. Two line segments, each of length two units, are placed along the z-axis. The midpoint of the first
is between = 0 and = = 14 and that of the second is between x = 6 and = = 20. Assuming independence
and uniform distributions for these midpoints, find the probability that the line segments overlap.

Solution.
Since X; ~ U(0,14) and X5 ~ U(6,20), the joint pdf of X; and X3 is f(z1,22) = 1/142. The desired
probability is

Mo (z1—6)*14 8
P(X, > X») = L dpgdyy, = L O 8
(X1 2 Xo) /6 /6 142772 T a2y g T 19

2.4.12. Cast a fair die and let X = 0 if 1, 2, or 3 spots appear, let X = 1 if 4 or 5 spots appear, and let
X = 2if 6 spots appear. Do this two independent times, obtaining X; and X5. Calculate P(|X; — X3| = 1).

Solution.

| X1 — X2 = 1 when (X3,X3) = (0,1),(1,0),(1,2),(2,1) with probabilities of 1/6, 1/6, 1/18, and 1/18,
respectively. Hence the desired probability is 2(1/6 4+ 1/18) = 4/9.

2.4.13. For X; and X5 in Example 2.4.6, show that the mgf of Y = X + X5 is €2/ /(2 — €!)?, t < log 2, and
then compute the mean and variance of Y.

Solution.

Let t = t; = t9 then




Let 9(t) = log My (t) = 2t — 21log(2 — €'). Then

! _ 2et —
E(Y):w(O)—Q-i-Z_et o 4,
" _ 4€t —
Var(Y) =4"(0) = G- ‘t:o =4.

2.5. The Correlation Coefficient
2.5.1. Let the random variables X and Y have the joint pmf
(@) p(z,y) =3, (z,y) = (0,0),(1,1),(2,2), zero elsewhere.
(b) p(z,y) = %, (xz,y) = (0,2),(1,1),(2,0), zero elsewhere.
(c) plz,y) =3, (z,y) = (0,0),(1,1),(2,0), zero elsewhere.
In each case compute the correlation coefficient of X and Y.
Solution.
For (a) and (b), the scatter plots clearly show that p = 1 and p = —1, respectively.
For (c), since E(X) =1,E(Y) =1, and E(XY) =1, Cov(X,Y) = E(XY) — E(X)E(Y) = 0. Thus, p = 0.

2.5.3. Let f(z,y) =2,0 <z <y, 0 <y <1, zero elsewhere, be the joint pdf of X and Y. Show that the
conditional means are, respectively, (1 +z)/2, 0 < < 1, and y/2, 0 < y < 1. Show that the correlation
coefficient of X and Y is p = %

Solution.
Find the marginal pdfs of X and Y first.

1 y
f(x):/Zdy:2(1—x),O<x<1, f(y):/de:Qy,0<y<1.
x 0

Hence,
00 00 1
E(Y|X=ff)=/_ yf(y\x)dy=/_ yfﬁ;j)dy:/ %dy: 1;30, 0<z<l,
E(X|Y:y):[ 17f(x|y)dy:[ fo(;EZ’/?)J)dy/o gdy:g, 0<y<l.

2.5.4. Show that the variance of the conditional distribution of Y, given X = =z, in Exercise 2.5.3, is
(1 —2)%/12, 0 < < 1, and that the variance of the conditional distribution of X, given Y = vy, is y?/12,
O<y<1.

Solution.
1 2 2
l+z+=x
EViX=12)= | L —dy= 1
x =)= [ = TR acacn
Y .2 2
o Y 3
Hence,
1 2 1 2 1— 2
Var(Y|X = 2) = E(Y2|X = 2) — [E(Y|X = 2))? = ”3” _ ¢ T) ! 1;), 0<z<1,
vy P
Var(X|Y:y):E(X2|Y:y)—[E(X|Y:y)}2:gfziE, 0<y<l.

10



2.5.5. Verify the results of equations (2.5.11) of this section.
Solution. See Exercise 2.5.8 because using (1, t2) is easier to compute them.

2.5.6. Let X and Y have the joint pdf f(z,y) =1, —x <y < x, 0 < z < 1, zero elsewhere. Show that, on
the set of positive probability density, the graph of E(Y'|x) is a straight line, whereas that of E(X|y) is not
a straight line.

Solution.

Find the marginal pdfs of X and Y first.

x

f(z) = dy=2x, 0<z<1, f(y)= {f dx_l—y 0<y<1

fo —1<y<0’

—T

Hence,

E<Y|x>:/ yf(ylrv)dy=/ yf(x’y)dyz/ Lay=0 0<a<t,

- — 00 f(l‘) —x
_ [T [ ), [ dy =1 0<y<1
BxXl) = [ aftelay = [ oL a - {fo e 0vel

which means that the graph of E(Y|x) is a straight line, whereas that of E(X|y) is not a straight line.
2.5.8. Let 9(t1,t2) = log M (t1,t2), where M (t1,t2) is the mgf of X and Y. Show that

0¥(0,0)  9%%(0,0)
o, oz TP

and

9%4(0,0)
Ot1to
yield the means, the variances, and the covariance of the two random variables. Use this result to find the
means, the variances, and the covariance of X and Y of Example 2.5.6.

Solution.

Note that M(0,0) = E(1) = 1. When i =1,
81{;2’ 0 _ 8M 0 O /atl / / f(z,y)dydz */ zf(z)dr = B(X),
924(0,0) (0 o)a2 (0,0)/0#2 — [OM(0,0)/t,]2 .
i M (0,0) = B(X?) - [B(X)]? = Var(X).
Same for i = 2. And
9*y(0,0) & OM(0,0)/0t
dtity Oty M(0,0)

~ [82M(0,0)/0t1t2]M(0,0) — [0M(0,0)/9t1][0M (0,0)/0t5]

- M(0,0)2

— E(XY) - E(X)E(Y) = Cov(X,Y).

Hence, for Example 2.5.6,
’L/)(tl,tg) = log M(tl,tg) = — log(l — tl — tg) — log(l — tg),

D(t,t2) _ 1 d(tr,ta) _ 1 L
oty 11—t —to Oty 1—t; —ty  1—t
O*Y(ty,t2) 1 O*Y(ty,t2) 1 1
ot (1=t —t9)%’ ot3 (1=t —tg)2 + (1—t5)2
O*Y(ty,t2) 1
Otity (1 —ty — )2
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Therefore,

p = E(X) = wfgtl’ )zl, e = E(Y) = %(t;) 2
2 2

o = Var(x) = P00 1, o7 = var(r) = FUE0 5
924(0,0)

E[(X = p1)(Y — p2)] = Cov(X,Y) = =1

Otqta

2.5.9. Let X and Y have the joint pmf p(z,y) = %, (0,0),(1,0),(0,1),(1,1),(2,1),(1,2), (2, 2), zero elsewhere.
Find the correlation coefficient p.

Solution.
1+14+24+14+2 1+1+44+1+4 11
E(X)=E(Y) = = =1, E(X?)=EY?= - ==
11 4 1424244 9
2 2
= = — — = — EXY == =5
Hence,

_B(XY)-EX)EY) 2/T 1

oxoy 472

2.5.11. Let 02 = 02 = 02 be the common variance of X; and X, and let p be the correlation coefficient of
X1 and Xs. Show for k > 0 that

2(1+p)
k2

Pl|(X1 — p1) + (X2 — p2)| = ko] <

Solution.

P[|(X1 — ) + (X2 — p2)| = ko] = P[|(X1 — pu1) + (X2 — p2) |* = k0]

P

P[(X1 — p1)? > k0% + P[(Xo — p2)? > k%07
+ PR2(X1 — ) (Xo — p2) > k?0?]

P(|X1 = | 2 ko) + P(| X2 — p2| = ko)

+ P2(X1 — )(Xa — pg) > k207

1 1 2B(X; — p1)(Xao — p2)

e K202
2(1 F(X; — Xy —
_ (1+p) since (X1 — 1) (X — p2) — )
k2 o2

2.6. Extension to Several Random Variables
2.6.1. Let XY, Z have joint pdf f(x,y,2) =2(x+y+2)/3,0<z<1,0<y <1,0< z <1, zero elsewhere.
(a) Find the marginal probability density functions of X,Y’, and Z.

Solution.
M2ty +2) o 2(z+1)
fx (@) */0 /0 dedy* =T
Similarly,
2 1 2(z+1
I R B i)



(b) Compute PO< X <3,0<Y <10<Z<i)and PO<X<31)=P0<Y<3)=P0<Z<3).
Solution. Skipped. We can solve part (c) without computing them.

(¢) Are XY, and Z independent?
Solution. No; f(z,y,z) # f(x)f(y)f(z) although the support is a product space.

(d) Compute E(X?YZ +3XY*Z?).
Solution. Skipped.

(e) Determine the cdf of X,Y, and Z.

Solution.
0 <0
Fx(z) = Oa: 2(t3+1)dt — (z+13)"‘—1 _ z%gzz O<z<1.
1 rz>1
Similarly,
0 y<0 0 z2<0
Fy(y) = %42 g<y<1, Fgz)={ 2% 0<z<1.
1 y>1 1 z>1

(f) Find the conditional distribution of X and Y, given Z = z, and evaluate E(X + Y|z).

Solution.
flxy,z) _x+y+z
T,y|z) = = ,0<e <1, O0<y<1.
flayle) = =g = T y
Hence,
THy+z
EX+Y ——dyd
tYl) /(/ RS R
:// (z+y) +Z(x+y)dydx
z+1
27y=1
_ [x+y w+y)] d
z+1 2 y=0
x—|—1 z(x+1)2 2% za2?
= - - —|dx
z+1 2 3 2
IS (CES VN <w+1>3_w:_@1
241 12 6 126 |,

_2+T7/6 647 L1
z+1  6(z+1)

(g) Determine the conditional distribution of X, given Y = y and Z = z, and compute E(X]|y, z).

Solution.

Lo(w+y+ 2 2u+2z+1
flyo) = [ HEEIEE gy Bt
0
flx,y,2) 2@ +y+2)

faly,2) = fly,2)  2y+2:+1°
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Hence,

1 1o 9
Bl 2= [ ATV [0 et
0 0

== 0<y,z2<1
oy 2z +1 2 + 22 + 1 32y +22+1) b=

2.6.2. Let f(x1,22,23) = exp[—(z1 + z2 + x3)], 0 < z1 < 00, 0 < &2 < 00, 0 < 23 < 00, zero elsewhere, be
the joint pdf of X7, Xo, X3.

(a) Compute P(X; < X5 < X3) and P(X; = X5 < X3).

Solution.

P(X1 < X5 < X3) = / / \ / h e 17T T8y drodrs
0 0

/ / —ZQ T3 __ —212 :Es]dm2dx3

= [l e ez S
—(1-1/2) - (1/2-1/6) = =

P(Xl =Xy < X3) :/ / / e T2 T By daodrs = 0.
0

(b) Determine the joint mgf of X7, X5, and X3. Are these random variables independent?

tl,tQ,t3 / / / (I=t1)an _(1 tg)mg (1_t3)r3d$1d$2d$3
— / —(1 t1)x1 d.’E] / (1—t2):c2dx2 / e—(l—tg)zcgdxg
0 0 0

1
T U t)(T—t2)(T—t3)
= My, (t1)Mx, (t2) Mx, (t3),

Solution.

t1 <1,ta < ].,tg <1

which clearly shows that these three random varialbes are independent.

2.6.7. Prove Corollary 2.6.1: Suppose X1, Xo, ..., X;, are iid random variables with the common mgf M (t),
for —h <t < h, where h > 0. Let T= 3" | X;. Then T has the mgf given by

Mr(t) = [M@)]", —h<t<h.

Solution.

Mr(t)=F [eZ?:l X"t} = HE(eX"t) (X!s are independent)
i=1
= [E(eX)]™  (X]s are identical)
[

"

5

2.6.9. Let X, X2, X3 be iid with common pdf f(z) = exp(—x), 0 < & < 00, zero elsewhere. Evaluate:
(a) P(Xl < X2|X1 < 2X2)
Solution.

P(X1 < X9, X1 < 2X2) . P(Xl < XQ)
P(X; < 2X,) - P(X1 <2X)

P(X1 < X2|X1 < 2X2) =

14



For the numerator,

oo o0 o0 1
P(X1 < X») :/ / e~ T 2 dyoday :/ e 2 dry = 3
0 Xy 0

For the denominator,
oo (oo} [ee] 2
P(X; < 2X3) :/ / e "1 "2 dyoday :/ eI 2 gy = =
0 Jaxi/2 0 3

Thus, P(X; < Xa|X) < 2Xa) = $2 = 2.
(b) P(X1 < Xo < X3|X3 < 1).
Solution.
P(X1<X2<X3<1)
P(X5<1)

P(X1 < Xo < X3|X3 < 1) =
For the numerator,

1 xr3 T2
P(Xl < X< X3 < 1) = / / e T TT2 Ty drodrs
0 0 0

1 xrs3
= / [€7w27w3 — 672$27$3]d£ﬂ2d$3
0 0
1
_ / (6775 — e2%) — (e /2 — =373 /2)]dug
0

1
_ / [ /2 — =25 | o575 /9)]dag
0

717671 1—6*2+1—e*3
2 2 6
1—3e 1 4+3e2—-¢3

6

For the denominator,
1
P(X3<1) :/ e dry =1—e L.
0

Hence

P(X;<Xy<X3<1l) 1-3¢'43e2—¢?
P(X3<1) N 6(1 —e 1)

2.7. Transformations for Several Random Variables

Skipped because of a just extension from two random variables.

2.8. Linear Combinations of Random Variables

2.8.3. Let X; and X5 be two independent random variables so that the variances of X; and X5 are 0?2 = k
and 02 = 2, respectively. Given that the variance of Y = 3Xy — X is 25, find k.

Solution.

Var(Y) = 3*Var(Xz) + Var(X;) X1, X» are independent
=905 + 07 =18+ k.
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Hence, Var(Y) =25 =k =T.

2.8.6. Determine the mean and variance of the sample mean X=5"1 Z?zl X;, where X1,..., X5 is a random
sample from a distribution having pdf f(z) = 42, 0 < x < 1, zero elsewhere.

Solution.

1 1
E(X) :/O z(42®)dx = %, E(X?) :/0 2*(42°%)dx = % = Var(X) = —.

Hence,

4 Var(X)

E(X)=E(X)=_-=08, Var(X)= £ = g0z ~ 0.00533.

2.8.7. Let X and Y be random variables with p; = 1, us = 4, 07 =4, 02 =6, p = % Find the mean and
variance of the random variable Z = 3X — 2Y.

Solution.
E(Z)=3E(X)—2E(Y) = 3uy — 2p2 = —5
Var(Z) = 3*Var(X) + 2*Var(Y) — 12Cov(X,Y)
= 90% + 403 — 12p009
=60 — 12v/6 ~ 30.6.

2.8.8. Let X and Y be independent random variables with means s, o and variances o2, o2. Determine
the correlation coefficient of X and Z = X — Y in terms of 1, us, 07, 03.

Solution.
Since X and Y are independent,
Var(Z) = Var(X) + Var(Y) = 0% + o3,
Cov(X,Z) = Cov(X,X —Y) = Var(X) — Cov(X,Y) = o}.

Hence, the correlation coefficient is

Cov(X,Z) o? o1

P NaX)Var(Z) @ t0d) Noator

2.8.10. Determine the correlation coefficient of the random variables X and Y if var(X) = 4,var(Y) = 2,
and var(X +2Y) = 15.

Solution.
15 = Var(X +2Y) = Var(X) + 4Var(Y) + 4Cov(X,Y) = 4+ 4(2) + 4pV4V2 = 12 + 8v/2p.

Hence, p = 3/(8v/2) ~ 0.265.

2.8.11. Let X and Y be random variables with means p1, po; variances o2, o3; and correlation coefficient
p- Show that the correlation coefficient of W =aX +0,a >0, and Z =cY +d, ¢ > 0, is p.

Solution.
Var(W) = a*Var(X) = 03, Var(Z) = *Var(Y) = c?03, Cov(W, Z) = acCov(X,Y) = acpoi0s.

Hence, Corr(W, Z) = Cov(W, Z)/(+/Var(W)Var(Z)) = p because a > 0 and ¢ > 0.
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2.8.13. Let X; and X5 be independent random variables with nonzero variances. Find the correlation
coefficient of Y = X; X5 and X; in terms of the means and variances of X; and X5.

Solution.

Let u1, pio and o, 02 denote the means and the variances of X; and Xs, respectively. Since the two r.v.s.
are independent,
Var(Y) = Var(X; X5)

= E(X7X3) - B(X1X2)

= B(X?)E(X3) — B(X1)’E(X)?

= (uf +0?)(u3 + o) — i

= pios +otus + otos,

Cov(Y, X;) = Cov(X; X5, X4)

= B(X7X5) - B(X1X2) B(X)

= E(X})E(X2) — B(X1)*E(Xa)

= (uf + o)z — s

= aips

Hence,

Cov(Y, X1) _ o2 1o _ o1p2
\/Var War(X1)  \/p3o3 +o2u3 +o303(o1)  \/pios +oiul +o3a3

2.8.15. Let X;, X5, and X3 be random variables with equal variances but with correlation coefficients
p12 = 0.3, p13 = 0.5, and po3 = 0.2. Find the correlation coefficient of the linear functions Y = X; + X5 and
Z = X5 + Xs.

Solution.
Let 02 denote the variance of X, X5, and X3. Then
Var(Y) = Var(X;) + Var(Xs) + 2Cov (X1, X3) = 20%(1 + p12) = 2.60
Var(Z) = Var(Xy) + Var(X3) + 2Cov(Xz, X3) = 202%(1 + pa3) = 2.402
COV(Y, Z) = COV(X1 + XQ,XQ + Xg) =0 (,012 + P13 + 14+ 023) 20 2
Therefore, the correlation coefficient, p, is

Cov(Y,Z) 20

= ~ 0.801.
\/Var War(Z)  +/2.6(2.4)02

2.8.17. Let X and Y have the parameters y1, u2, 07,03, and p. Show that the correlation coefficient of X
and [Y — p(o2/01)X] is zero.

Solution.

Cov(X,Y — p(oa/01)X) = Cov(X,Y) — p(o2/01)Var(X) = poioy — ploa/o1)ot = 0.
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