Exercises in Introduction to Mathematical Statistics (Ch. 6)

Tomoki Okuno

September 14, 2022

Note

e Not all solutions are provided: Exercises that are too simple or not very important to me are skipped.

e Texts in red are just attentions to me. Please ignore them.

6 Maximum Likelihood Method

6.1 Maximum Likelihood Estimation
6.1.1. Let X1, Xo,..., X, be a random sample on X that has a I'(aw = 4, 8 = ) distribution, 0 < § < co.
(a) Determine the mle of 6.
Solution.
£(0) = Z[— logT'(4) — 4log6 — 3log x; — x; /0],
i

00) = [-4/0+ 2;/0°] = n(—40 + ) /67,

%

0'(0) = [4/6% — 2x,/6%].

K2

Solving #'(A) = 0 obtains § = /4. Then ¢”(z/4) < 0. Hence the mle of § is § = X /4.

(b) Suppose the following data is a realization (rounded) of a random sample on X. Obtain a histogram
with the argument pr=T (data are in ex6111.rda).

9 39 38 23 8 47 21 22 18 10 17 22 14
9526 11 31 15 256 9 29 28 19 8

Solution. Skipped.

(¢) For this sample, obtain 9 the realized value of the mle and locate 40 the histogram. Overlay the
T'(a = 4,8 = 0) pdf on the histogram. Does the data agree with this pdf? Code for overlay:

xs=sort (x) ;y=dgamma(xs,4,1/betahat) ;hist (x,pr=T) ;lines(y xs).
Solution. Since T = 20.12, o= 20.12/4 = 5.03. Graphs are skipped.
6.1.2. Let X1, X, ..., X,, represent a random sample from each of the distributions having the following pdfs:

(a) f(z;0) =021, 0< 2 <1,0< 6 < oo, zero elsewhere.



Solution.

00) = Z[log@ + (6 — 1) log x4,

’L

() = 2[1/9 +logx;] =n/0 + logHari,

'(0) = —n /6% < 0.
Solving ¢'(8) = 0, therefore, we obtain = —n/log[]; =
(b) f(z;0) =e =9 9 <2 < 00, —00 < # < 00, zero elsewhere. Note that this is a nonregular case.

Solution.

0 otherwise

L(0) = e~ 2@i=0) g < xi,. i=1..,n _ e @0 g <z
0 otherwise

Since L'(0) = ne~"(@=% > 0, L(0) is strictly increasing, indicating that 6 that maximizes L(0) is z(y).
Hence, the mle of 0 is 6= X(1)-

6.1.3. Let Y7 < Y5 < --- < Y, be the order statistics of a random sample from a distribution with pdf
flxz;0)=1,6— % <z <0+ %, —00 < 6 < 00, zero elsewhere. This is a nonregular case. Show that every
statistic u(X1, Xs, ..., X, ) such that
1 1
Yn — 5 § ’U,(Xl,XQ, ,Xn) S Yl —+ 5

is a mle of #. In particular, (4Y; +2Y,, +1)/6, (Y1 +Y,,)/2, and (2Y; 4+ 4Y,, — 1)/6 are three such statistics.
Thus, uniqueness is not, in general, a property of mles.

Solution.

L(0;x) =1 (constant) if
9—1<Y and Y, <0—f—1 = Y, —1<0<Y —%—1
9 = 1 n X 9 n 9 == 1 2’
zero elsewhere. Thus, 6 that maximizes L(6) is inside [Y,, — 1/2,Y; — 1/2]. That is, let 6= w(Xq, .y, X0),
1 1
Yn — 5 S ’I,L(X17...7Xn) S Y1 + 5

For (4Y1 +2Y,, +1)/6,

4Y1 +2Y, +1 — Yy

6 2 6

1 41 +2Y,+1 21 -Y,+1
(},1_‘_2)_ 1+6 +1_ 21 : +)ZO~

because Y,, — Y7 < 1. So do the other two statistics.

6.1.4. Suppose X1,..., X, are iid with pdf f(z;0) = 2x/6% 0 < z < 0, zero elsewhere. Note this is a
nonregular case. Find:

(a) The mle 9 for .

Solution.

L(0) =

25 )<z, <0, i=1,..n
0 otherwise

Since L'(0) < 0, L(0) is strictly decreasing for 6 > x(,) = yn. So, 6 that maximizes L(f) is y,. Hence,
the mle of § is 0 = Y.,..



~

(b) The constant ¢ so that E(cf) = 0.

Solution.

By the theorem of pdf of the order statistic,
e 2ny2n—1
Fra() = nlFx @)™ fx () = =5

Hence,

6 0 2n
~ 2cny 2n 2n+1
E(ch) = / cyfy, (y)dy = / o2 dy = T 160 = c= o
0 0

(c) The mle for the median of the distribution. Show that it is a consistent estimator.
Solution.

Solving Fx (x) = 1/2, we obtain 6/1/2. Hence, the mle for the median is Y;,/v/2. Also,

0 2
2ny“" 2n
E(Y,) = dy = 0— 0 — 9,
(¥a) /0 g2 YT o asn

which implies that Y,/ /2 is a consistent estimator by invariance of MLE.
6.1.5. Consider the pdf in Exercise 6.1.4.
(a) Using Theorem 4.8.1, show how to generate observations from this pdf.

Solution.

Recall Fx(z) = 22/6%. Let u = F(z) then x = F~!(u) = 6/u, 6 > 0. Hence, suppose U ~ U(0, 1), we
would use X = F'~1(U) = §U'/? to generate observations.

(b) The following data were generated from this pdf. Find the mles of # and the median.

1.27.74.34.17.16.35.36.35.32.8
3.87.04.55.06.36.75.07.47.57.5

Solution. § =Y, = 7.7, m =Y, /2 ="7.7/y2 = 5.44.

6.1.6. Suppose X1, Xo, ..., X,, are iid with pdf f(z;0) = (1/8)e=*/?, 0 < < oo, zero elsewhere. Find the
mle of P(X < 2) and show that it is consistent.

Solution.

Assume 0 # 0. Since X1, ..., X, are iid with pdf f(z;0) = e=*/?/8,

£(0) =log L(6) = —in/H —nlog6

/ 7Eixiiﬁ
o)==

Solving ¢'(#) = 0, we obtain # = 1 3~ z; = Z. Hence, the MLE for 0 is 6 = X. For the second derivative,

20)  —2>, O n(6 — 27)
ez~ /ZEE
d200) n@-2z) nx

Since

2 2
P(X<2)= / e % )0de = —e~/0 =1—e72/9,
0 0



P(X<2)=1- e2/0 =1 ¢ 2X by invariance of MLE. Moreover,

[eS] —x/0
E(X) = /0 xee dz =T(2)0 =0,

which provides § = X 5 E(X) = 0 by WLLN. Hence, let g(x) = 1 — e~2/* (continuous for > 0),

l—e X =gX) L g0)=1—e%°

—

by ¢ function. That is, P(X < 2) is consistent for P(X < 2).
6.1.7. Let the table

X 01 2 3 4 5
Frequency ‘ 6 10 14 13 6 1

represent a summary of a sample of size 50 from a binomial distribution having n = 5. Find the mle of
P(X > 3). For the data in the table, using the R function pbinom determine the realization of the mle.

Solution.
Let p denote a parameter of the Binomial distribution.
5
x

flz;p) =P(X =2x) = < )pz(l )T 2=0,1,2,..,5.

We know that the mle of p is p = X /50. By invariance of mle, the mle of P(X > 3) is

PRS- (2)@(1 —pye.

i=3
From the table,

~_ T _0(6) +1(10) +2(14) + 3(13) +4(6) +5(1) _ 106 _ 0.424
P=50~ 5(50) To950

Hence, the desired realization is

o —

P(X >3)=1 - pbinom(2, 5, 0.424) = 0.3597.

6.1.9. Let the table

X 01 2 3 4 5
Frequency‘? 14 12 13 6 3

represent a summary of a random sample of size 55 from a Poisson distribution. Find the maximum likelihood
estimator of P(X = 2). Use the R function dpois to find the estimator’s realization for the data in the table.

Solution.

Let 0 denote a parameter of the Poisson distribution.

e 0"
flz;0)=P(X =2z) = > x=0,1,2,...
x!

The previous exercise shows that the mle of 8 is 6=X. By invariance of mle, the mle of P(X = 2) is




From the table, 0’s realization is

0(7) + 1(14) + 2(12) + 3(13) + 4(6) +5(3) _ 116 _

T = =2.11.
55 55
Hence, the desired realization is
o —2.11 211 2
P(X =2) = % = dpois(2, 2.11) = 0.2699

6.1.10. Let Xy, X5,...,X,, be a random sample from a Bernoulli distribution with parameter p. If p is
restricted so that we know that % < p <1, find the mle of this parameter.

Solution.
Up) = [wilogp+ (1 — ;) log(1 — p)],

Op) = [wi/p— (1 —=;)/(1—p)] = T —p)

- p(l-p)’
C'(p) =Y [=wi/p* — (1 —:)/(1—p)*] < 0.
Solving ¢'(p) gets p =7 < 1. But we need to consider the restriction: § <p < 1. If T > 1/2, the mle of p is
X, while the mle of p is 1/2 if Z < 1/2 since £(p) is decreasing for p > 1/2. That is, p = max(1/2, X).

6.1.12. Let Xy, Xo, ..., X, be a random sample from the Poisson distribution with 0 < 6 < 2. Show that the
mle of 6 is § = min{ X, 2}.

Solution.

We know that the mle of #, parameter for a Poisson distribution, is X if > 0. In this case, 6 is restricted
to < 2. Since L(6;x) is increasing if § < X, it maximizes at § = 2 if X > 2, which gives § = min{X, 2}.

6.1.13. Let Xl,X272...7Xn be a random sample from a distribution with one of two pdfs. If 8 = 1, then
f@0=1)=Lte /2 —0c0 <z <oo. If§ =2, then f(z;60 = 2) = 1/[r(1 + 2?)], —0o < = < co. Find the
mle of 6.

Solution.

6.2. Rao—Cramer Lower Bound and Efficiency

6.2.1. Prove that X, the mean of a random sample of size n from a distribution that is N(6,0?), —co < § <
00, is, for every known o2 > 0, an efficient estimator of 6.

Solution.
—0 2
bwmmz—mwﬁﬁ.gﬁL
o
dlog f(x;0)  x—0 82 log f(; 6) __i
69 - 0—2 ’ 892 - 02
& log f(X;0) 1

Hence, the CRLB is 1/(nI(0)) = 02 /n. Since X is unbiased for ¢, Var(X) = 02 /n attains the CRLB, which
means that X is an efficient estimator of 6.



6.2.2. Given f(x;0) =1/60, 0 < x < 0, zero elsewhere, with § > 0, formally compute the reciprocal of

nE{[Glog](;(eX:G)r}.

Compare this with the variance of (n + 1)Y,,/n, where Y,, is the largest observation of a random sample of
size n from this distribution. Comment.

Solution.

Note that this is a non-regular case.

nE{{alog];%X:G)]z} _ 9%

Thus, the reciprocal is §2/n. By the theorem of the order statistic,

nnfl
Jr. () =nFx ()X (y) = =5
n n
EY,)) == E(Y?)=...= 2
S B == 10, B == T
V)= E(Y2) —E(Y,) = — ¢
= Var(¥,) = B(Y) = BV, = rie—
Hence,
n+1 (n+1)2 62 62
Y, | = —5>— Y)= ——F —_
Var( - > 3 Var (V;,) n(n+2)<n

which indicates that the variance violates CRLB because of the non-regular case.

6.2.7. Recall Exercise 6.1.1 where X7, Xs,..., X,, is a random sample on X that has a I'(a = 4,5 = 0)
distribution, 0 < 0 < oco.

(a) Find the Fisher information I(6).

Solution.

log f(z;0) = K —4log + 3logx — /0

0log f(z;0) _ 9 02 log f(x;0) B 2 3
— a0 = 4/0 + x /67, o =4/0° —2zx/6
B d*log f(x;0,0%)]  2E(X) 4 4

= I1(0)=—-F 502 =~ T pE- e

(b) Show that the mle of §, which was derived in Exercise 6.1.1, is an efficient estimator of 6.

Solution.

-~

The mle of 6 is 6 = X /4. Since E(0) = E(X/4) = 6 and
Var(f) = Var(X /4) = Var(X)/16 = 62 /4n = 1/nI(0),

0 is an efficient estimator of 6.

(c) Using Theorem 6.2.2, obtain the asymptotic distribution of \/77(57 0).

Solution. By the asymptotic distribution of MLE, \/ﬁ(gf 0) RS N(0,6%/4).



(d) For the data of Exercise 6.1.1, find the asymptotic 95% confidence interval for 6.

Solution.

Vi@ —0) p V@ —6) @ -0)60 p
—F 5 N(0,1) = = = = —= N(0,1) by WLLN and Slutsky.
072 (0,1) 72 02 (0,1) by y

Hence,

005=P( 106 <Y 0=0 _196) = p(g_ 9980 _y_5, 0980
0/2 Jn N

which gives us the asymptotic 95% confidence interval for 6:

~ 0980 -~ 0.98 0.98

0+ =0|1+— ) =503|1+— ) =(4.04,6.02).

=t =12 2) = )
because We obtained 9 = 5.03 in Exercise 6.1.1.

6.2.8. Let X be N(0,6), 0 < 6 < oco.

(a) Find the Fisher information I(6).

Solution.

1 2
log f(z;6) = ~3 log 276 — r

20
dlog f(x;0) 1 a*  logf(z;0) 1 a*
o0 20 207 062 202 63
0?log f(z;0) 1 EBE(X?) 1
1) = —g |28 000 -
= 10) [ 062 ] 202 T 5 202

because E(X?) = Var(X) = 6.

(b) If Xy, Xs,...,X,, is a random sample from this distribution, show that the mle of 8 is an efficient
estimator of 6.

Solution.

Solving () = 0, we obtain the mle of §: § = L5, X2 Since X;/vV0 ~ N(0,1) = Y X2/0 ~ x*(n),
Var(}_ X2/0) = 2n, or Var(>_ X?) = 2n6?. Hence

~ 1 o) Var(do, X7) 202 1
Var(d) = Var (n Xl:Xz> = 2 = T )

meaning that 0 is an efficient estimator of .
(c) What is the asymptotic distribution of \/ﬁ(é— 0)?

Solution. By the asymptotic distribution of MLE, \/75(5— 0) RS N(0,262).

6.2.11. Let X be the mean of a random sample of size n from a N (6, 02) distribution, —oo < § < oo, 02 > 0.

. <2 . . . . .
Assume that o2 is known. Show that X — "7—5 is an unbiased estimator of #2 and find its efficiency.

Solution.

B(X') = Var(X) + [BX)P == +6* = B (X2 _ 0’2) e



For the Fisher information, let 6% = p,

Plogflap) _  __ @
op? S 202
Hence,
9log f(X,p)] _ E(X) 1 2 1
I(M):_E|: op2 = 2021 :202\/ﬁ = 1(9):2020
—92 2 -2 2

Since E (X — %) = #2, the CRLB of the variance of X — - is
—2 o 2 20 40262
V( X —_ = V(‘" X > ; = .

o < n > ar(X7) 2 nl(6?) n

Finally, compute Var (YQ) .

{\/B(X—G)r_ n(X — )

n(X — 0)? n? — 9

= Var (02> = ;Var[(X —0)]=2

~ 2 -2 2 — 20'4
= Var[(X — 0)°] = Var(X ") + 40°Var(X) = o

— 204 9 —. 20% 40267
= Var(X ) = — — 40 Var(X)f?— -

Thus, the efficacy is
Y(nI(6%) _ 5t
Var(X) 2#‘24 - 74"72192 ’

which converges to —1 as n — oo. Note that it should be incorrect.

6.2.12. Recall that = —n/ 37 log X; is the mle of  for a beta(6, 1) distribution. Also, W = — 3" log X;
has the gamma distribution I'(n, 1/6).

(a) Show that 20W has a x?(2n) distribution.

Solution.

Since My (t) = (1 — t/6)~™, Magw (t) = My (20t) = (1 — 2t)~", indicating 20W ~ x2(2n).
(b) Using part (a), find ¢; and ¢ so that

20
P<01<é\n<62>:1—a,

for 0 < a < 1. Next, obtain a (1 — a)100% confidence interval for 6.

Solution.

Since 6 = —n/Y " log X; =n/W,
l—a=P (X%n,a/2 <20 < X%n,lfa/2)

20n
=P (X%n,a/2 < 7 < X%n,l—a/Q)

0% X301
P 2n,a/2 <0< 2n,1—a/2 )
2n 2n



Hence, ¢, = X%n,a/Q and co = Xgn,l—a/Q' Also, a (1 — a)100% confidence interval for 6 is

D2 D2
0X2n,a/2 9X2n,1—a/2
on 2n

(¢) For a = 0.05 and n = 10, compare the length of this interval with the length of the interval found in
Example 6.2.6.

Solution.

The length of this interval is

~ ~

0x30.0.0m5  0X30.0.025 _034.17)  6(9.59) _ 1.220.
20 20 20 20

On the other hand, the length found in Example 6.2.6 is

0 .
920.025Y _ 1 949,

V10

which means that the length of the approximate CI is very close to that of the exact CI.

6.2.16. Let S? be the sample variance of a random sample of size n > 1 from N(u,0), 0 < < oo, where
is known. We know E(S?) = 6.

(a) What is the efficiency of S2?
Solution.

First compute the Fisher information for 6.

1 _ 2
log f («;0) = — log 26 — T—n)?

20
Olog f(x:6) _ 1  (z—n)”
0 20 " 202
Plog f(z;0) 1 (z—p)?
062 T2

Since E[(X — p)?] = Var(X) =6,

Plogf0)] 1 11
202 92 2027

16) = E{ T

Next, consider Var(S?). We have

262
n—1

(n—1)82
6

(n—1)52
0

~x*(n—-1) = Var< )2(n1) = Var(S?) =

Hence, the efficiency is

1/(nl(0)) n—l'

Var(S?)  n

(b) Under these conditions, what is the mle 9 of 67
Solution.

Part (a) implies that



(c) What is the asymptotic distribution of \/5(57 0)?

Solution. By the asymptotic distribution of MLE, \/77(5— 0) RS N(0,262).

6.3. Maximum Likelihood Methods

Note that I use the reverise definition of A:

~

A= B0

because I learned this in a class. Accordingly, I use 2log A, not —2log A.

6.3.1. . The following data were generated from an exponential distribution with pdf f(z;6) = (1/6)e=*/?,
for x > 0, where 6 = 40.

(a) Histogram the data and locate 6, = 50 on the plot.
Solution. Skipped.

(b) Use the test described in Example 6.3.1 to test Hy : 6 = 50 versus H; : 6 # 50. Determine the decision
at level o = 0.10.

19 15 76 23 24 66 27 12 256 7 6 16 51 26 39

Solution.

ZX = 432 = 17.28.
by

Since x§ 0530 = 18.49 and x§ g5 30 = 43.77, we reject H : 6 = 50.
6.3.3. Show that the test with decision rule (6.3.6) is like that of Example 4.6.1 except that here o2 is known.

(E0) 20 o

The decision rule in Example 4.6.1 is an approximate one, but if o2 is known, this is the exact decision rule.

Solution.

> ZQ/Q.

6.3.6. Let X1, Xo, ..., X,, be a random sample from a N (ug,0? = 0) distribution, where 0 < 6 < oo and pyg is
known. Show that the likelihood ratio test of Hy : 8 = 6y versus Hj : 6 # 6y can be based upon the statistic
W =3"(X; — po)?/bo. Determine the null distribution of W and give, explicitly, the rejection rule for a
level « test.

Solution.

We have

Hence,

B L() B 00 n/2 n
A= Ty = <§> exp [—Z( /(26) +Z 290)]

=1

< ’I’Leo )71,/26
= ey Y X
S (i — o)’ P

_ (nn/Qefn/2)w7n/2ew/2 >k = w n/2€w/2 > k.

n

+% (z i_MO)Q]

10



Let g(w) = log(w="/?e"/?) = —(n/2)logw + w/2. Then

n 1
g'(w)=—5—+

-, >0
2w 2

g"(w) = 202
Hence, g(w) is a convex function with a minimum at w = n, which implies that
A>k=>W<e, W>eo.
Moreover, since W ~ x2(n) under Hj, we obtain the rejection rule for level a test as
W < Xi/Q,n’ W > Xia/z,m
where xi /2 and Xffa /2,n BT€ lower and upper critical regions of the chi-square distribution, respectively.

6.3.9. Let X3, X5, ..., X,, be a random sample from a Poisson distribution with mean 6 > 0.

(a) Show that the likelihood ratio test of Hy : @ = 6y versus Hy : 6 # 0y is based upon the statistic
Y =" | X;. Obtain the null distribution of Y.

Solution.
Since we have § = X (omitted the proof),

A= L(0) _ e‘ZIi(Zmi/n)Zfﬂi _ o — S <th>zﬂfz _ oy <y>y: "
L(eo) e—nbo 9022 Ti n00 7190

Since g(y) is a convex function (omitted the proof), for k > 0,

A>k‘:>Y§01,YZCQ(Cl<CQ).

(b) For 8y = 2 and n = 5, find the significance level of the test that rejects Hy if Y <4 or Y > 17.
Solution.

Since Y ~ Poisson(nfy = 10) under H,
a = Py,—2(Y <4)+ Py,—2(Y > 17) = 0.0293 4 0.0270 = 0.0563.

6.3.10. Let X3, X5, ..., X,, be a random sample from a Bernoulli b(1,6) distribution, where 0 < 6 < 1.

(a) Show that the likelihood ratio test of Hy : @ = 6y versus Hy : 6 # 0y is based upon the statistic
Y =37 | X;. Obtain the null distribution of Y.

Solution.
Since we have § = X (omitted the proof),

Since g(y) is a convex function (¢”(y) > 0),

A>k=Y <c, Y > (e <ca).

(b) For n =100 and 6y = 1/2, find ¢; so that the test rejects Hy when Y < ¢ or Y > ¢o = 100 — ¢; has
the approximate significance level of a = 0.05. Hint: Use the Central Limit Theorem.

Solution.
Since nfy(1 — 6y) = 25, CLT can be applied, thus, ¥ R N(nby,nby(1 — b)) = N(50,25) under H.
Thus,
Y —50 — 50
Y<a=s =< < - = —L96 = 1 = 40.2 (¢ = 59.8).

11



6.3.11. Let X3, X, ..., X,, be a random sample from a I'(c = 4, 8 = ) distribution, where 0 < 6 < cc.

(a)

(b)

Show that the likelihood ratio test of Hy : 8 = 0y versus Hy : 6 # 6y is based upon the statistic
W =>"", X;. Obtain the null distribution of 2 /6.

Solution.

Since 8 = X /4 =3,X;/(4n) (omitted the proof) and L(#) = (I'(4)0*)~"[[, zfe~ =:*/% the LRT
statistic is

m 4n
A= L( ) _ 4nby e 4n o~ >ixi/0o — Kw—4ne—w/9 > k,
>

L(6o)
where K = (4nfp/e)*” and w = >, z;. Let g(w) = w™4"e~*/%  Consider log g(w), then we have
(log g(w))” > 0 = ¢"(w) > 0, meaning that g(w) is a convex function with a minimum. Hence, the
likelihood ratio test rejects Hy if

A>k = W<e, W>ec.

Also, we have W ~ I'(4n, 0) using the mgf of X. Then
My (t) = (1—0t)™* = Mayyg, (t) = Mw(2t/60) = (1 —2t)~*",

which indicates that 2W /60y ~ x?(8n) under Hy.

For 6y = 3 and n = 5, find ¢; and co so that the test that rejects Hy when W < ¢; or W > ¢5 has
significance level 0.05.

Solution.
By part (a),

oW 20, oW 20

W<e, W>c = —— < —= =X0.02580 5 > 5 = X0.975,8n
0o fo fo to

Substituting 8y = 3 and n = 5, we obtain
3 o

€1 = 5X0.025,40 = 1.5(24.43) = 36.7,
3
€2 = 53 75,40 = 1.5(39.34) = 89.0.

6.3.12. Let X1, X5, ..., X,, be a random sample from a distribution with pdf f(z;6) = @ exp{—|x|’}/2I'(1/6),
—00 < & < 00, where 8 > 0. Suppose Q = {0 : § = 1,2}. Consider the hypotheses Hy : 6 = 2 (a normal
distribution) versus H; : § = 1 (a double exponential distribution). Show that the likelihood ratio test can

be based on the statistic W = >

(X7 =1 X))

Solution.

Since = {0 : 0 = 1,2} and Hy : § = 2, the LRT statistic is

Ao L(l) e Zl|ﬂiz|/2n _ KeZz(wfilIll) _ Kew,

L(2) e~ Xioi/(/m)"

where K > 0. Since e is (strictly) increasing, A > k = W > ¢, which is the desired result.

6.3.17. Let X1, X5,..., X,, be a random sample from a Poisson distribution with mean # > 0. Consider
testing Hy : 0 = 6y against Hy : 8 = 0.

12



(a) Obtain the Wald type test of expression (6.3.13).
Solution.

Since 6 = X and I(6) = 1/0,
e = {nr (X - 90)}2 ~{\/5- %)}2.

(b) Write an R function to compute this test statistic.
Solution. Skipped.
(c) For 6y = 23, compute the test statistic and determine the p-value for the following data.

27 13 21 24 22 14 17 26 14 22
21 24 19 25 15 25 23 16 20 19

Solution.

Since n = 20 and X = 20.35,

20.35
= p=P(x?>6.90) =1 - pchisq(6.9, 1) = 0.0086.

2
20
X% = { = (20.35 — 23)} = 6.90

Note that for some reason, the textbook answer doubles it (0.0172), which does not make sense for me.

6.3.18. Let X1, X5,..., X, be a random sample from a I'(c, ) distribution where « is known and g > 0.
Determine the likelihood ratio test for Hy : § = [y against Hy : 5 = (.

Solution.
We have 3 = X/a=3",X;/(na) (omitted the proof). Hence, the LRT statistic is
P} no
A= L(5) = ... = (E)na < Po > exi®i/Bo — Kw ",
L(Bo) € 21 T

where K > 0and W = 3", X;/By ~ I'(na, 1). Let g(w) = w™"*e", then ¢'(na) = 0 and ¢”(w) > 0. Thus,
g(w) is a convex function with minimum. Hence, the likelihood ratio test rejects Hp if W < ¢; or W > co.

6.3.19. Let Y7 < Y; < --- <Y, be the order statistics of a random sample from a uniform distribution on
(0,0), where 6 > 0.

(a) Show that A for testing Hy : 6 = 0y against Hy : 0 = 0y is A = (Y,,/00)™, Y., < bp,and A =0ifY,, > 6.

Solution.

0" 0>y,
L0, x) = {O <y

Since L'(0) < 0, i.e., L(0) is strictly decreasing for 6 > y,,, 0=Y,. Hence,

A:

~ . -
L(6) = {(GO/Y") Oo 2 Yn under Hy.

L(@o) 0 90 <Y,

(b) When Hy is true, show that —2log A has an exact x?(2) distribution, not x?(1). Note that the regularity
conditions are not satisfied.

13



6.4.

Solution.

We have the pdf of Y,:

n! _ ny™ !
= —F|F n—l =
A e 1)![ xW)]" " fx(y) o
Let W = 2log A = 2n(log 6y — logY},). The inverse one-to-one transformation is
d 0
log y, = logty — BN Y = bpe /P = LY 20 mw/om,
2n dw 2n

Hence, the pdf of W is

fw(w) = fy, (Boe /")

dy| _ nfg~tewnm/n 9o —wsen _ L w2
dw or on 2 :

which means W ~ T'(1,2) = x?(2).

Multiparameter Case: Estimation

6.4.2. Let X1, Xo,...,X,, and ¥1,Y5,...,Y,, be independent random samples from N(61,60s) and N(62,6,)
distributions, respectively.

(a)

(b)

If Q C R3 is defined by Q = {(61,602,03) : —00 < 0; < 00, i = 1,2;0 < 03 = 04 < o<}, find the mles of
91,92, and 03.

Solution.

Let 6 = (91,92,93)/.
(n+m)/2 7}7 i_e 2+ ’”i i_e 2
L(B) _ < 1 > exp [_ szl(‘r 1) ijl(y 2)

271'93 203 ,
i z; — 0 2y i — 0 2
5(0):—n+mlog27r03— > ima( )2+ 200 (y 5) |
205
Hence,
g, —0 = =X H==0= 6=,
86(0) ~ 1 n ) m .
=0 05 = X, - X Y.V
005 = 03 ntm ;( ) +;( )

We also need to check the second derivatives of £(0) w.r.t 61,02, and 05 are all negative.

If Q C R? is defined by = {(61,03) : —00 < 0; = 03 < 00;0 < 3 = 04 < oo}, find the mles of #; and
0s.
Solution.
(i =002+ Y (g — 601)?
00) = _n+m log 2765 — 2 i ( 1) 2371(9 1) .
2 205
Hence,
00(0) ~ nX+mY
= 0 =
691 0= ! n+m ’
ag(e) - 1 n ~ m S,
=0 = b3= X, -0 Y; — 6
005 -0 n+m ;( ) +;( 1)

We also need to check the second derivatives of £(0) with respect to 6; and 65 are all negative.

14



6.4.3. Let X1, Xs,...,X,, be iid, each with the distribution having pdf f(z;60y,6) = (1/0y)e~(==01)/02
0, <z < o0, —00 < by < o0, zero elsewhere. Find the maximum likelihood estimators of 6; and 65.

Solution.

This is a nonregular case because of the support of ;.
L(64,09;x%) = (1/92)"6_(21 zi=nb1)/0> g < g < 00, —00 < By < 00.

for Vi. Since 0L/00; > 0, L is strictly increasing for 6;. Hence the minimum of X, X, ..., X,, maximizes
OL(01,02;%) in terms of 01: 6; = Y;. Also,

-z —nb
E@ﬁg:fm%%f;ﬁili
2

85(91, 92) o ﬁ Ez Tr; — 77/91

D0, 0, 02

0£(01,02)

Hence, solving = 7

= 0, we obtain

~ X, — nb; X, —nY:T
g, = i Xt
n n

6.4.4. The Pareto distribution is a frequently used model in the study of incomes and has the distribution
function

1—(6,/2) 6, <z
0 elsewhere,

F(I;91,92){

where #; > 0 and 65 > 0. If X, Xs,..., X,, is a random sample from this distribution, find the maximum
likelihood estimators of 61 and 6. (Hint: This exercise deals with a nonregular case.)

Solution.

0\ 0 0,072
f(m;91762) = —92 (1) (_z;> = xzzj—l’ 91 S €T

x
(62672)"
H' x?2+1 )

zero elsewhere. Since OL/936; > 0, or L is strictly increasing for 61, 51 =Xu =M.

= L(01,09;%x) = 01 < zq,

Z(@l, 92) = Z [logHz + 0, log 01 — (92 + 1) log mi] R

00(61, 65)
o6, Z [1/602 + log 61 — logz;] = n/02 + nlog b — longi.

90(61,0)

Hence, solving =55

= 0, we obtain

~ n n

6 == o i— : .
? log [, ; — nlog 6, log([[; z:/Y7"]

6.4.5. Let Y7 < Y5 < --- <Y, be the order statistics of a random sample of size n from the uniform
distribution of the continuous type over the closed interval [# — p,0 + p]. Find the maximum likelihood
estimators for # and p. Are these two unbiased estimators?

Solution.

15



L(#,p)=(2p)"", 0 —p <z <8+ p, zero elsewhere. Hence,

§—p=Y1, 0+p=Y, = 0=

(Omitted the check of unbiasness, but they both should be biased).
6.4.6. Let X1, Xo,..., X,, be a random sample from N (u,o?).
(a) If the constant b is defined by the equation P(X < b) = 0.90, find the mle of b.

Solution.

X—p b- b—
K “) = 2P 198 = b=yt 1.280.
g

We know

_ 1 — n—1
n=X, o=,/— Xi—Xzz\/ S.
P-X. 6 ¢ IR
Thus, the mle of b is, by invariance of MLE,

n—1

S.

b=X+1.28
n

(b) If ¢ is given constant, find the mle of P(X < ¢).

Solution.

iP@c)z@(?)z@(ﬁ).

by invariance of MLE.
6.4.10. Show that if X; follows the model (6.4.14), then its pdfis b= f((x — a)/b).
Solution.

Since X = a + be can be transformed to e = (X — a)/b,

d
fx(@) = F(X = a)/b) | 7| = b7 f((x = @)/b).
6.5. Multiparameter Case: Testing
Note that I use the reverise definition of A:
_ L)
~ L(6o)

because I learned this in a class. Accordingly, I use 2log A, not —2log A.

6.5.1. On page 80 of their test, Hollander and Wolfe (1999) present measurements of the ratio of the earth’s
mass to that of its moon that were made by 7 different spacecraft (5 of the Mariner type and 2 of the
Pioneer type). These measurements are presented below (also in the file earthmoon.rda). Based on earlier
Ranger voyages, scientists had set this ratio at 81.3035. Assuming a normal distribution, test the hypotheses
Hy : = 81.3035 versus H; : p = 81.3035, where p is the true mean ratio of these later voyages. Using the

p-value, conclude in terms of the problem at the nominal a-level of 0.05.
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Earth to Moon Mass Ratios
81.3001 | 81.3015 | 81.3006 | 81.3011 \ 81.2997 \ 81.3005 | 81.3021

Solution.

From the LRT statistic:

A= Ti08D) ~ Lo - 1jmysE) ~ ¢ k>0

we obtain the rejection criteria under Hy:

’\/H(X — o)
S

> 10.025,n—1-

Since t0‘025’n,1 = t0,02576 = 2.45 and

V(X — o) V/7(81.3008 — 81.3035)
S B 0.000827

= —8.64,

we reject Hy.

6.5.2. Obtain the boxplot of the data in Exercise 6.5.1. Mark the value 81.3035 on the plot. Compute the
95% confidence interval for p, (4.2.3), and mark its endpoints on the plot. Comment.

Solution.

Omitted the boxplot, the mark, and the plot of the endpoints. 95% confidence interval for u is

_ S 0.000827
X+ 109, 1= = 81.3008 + 2.45——=—- = (81.30004, 81.30156).

Vi V7

6.5.4. Let X1, Xs, ..., X,, be a random sample from the distribution N(6;,6s). Show that the likelihood ratio
principle for testing Hy : 65 = 04 specified, and 6, unspecified against H; : 02 # 6}, 61 unspecified, leads to a
test that rejects when ZT(% —7)?2 < ¢ or ZT(J}, —T)% > cq, where ¢; < ¢y are selected appropriately.

Solution.

By the previous exercises, we have

n

~ J— ~

=X, Oy=n"! Z(Xz 7})2 under €,
i=1

010 = X under Hp.

Hence, the LRT statistic is

) n/2
A L(f1792) L (ﬁ) w22 — Kg(w),
L(Gloaaé) €

where K > 0, w = >.r_ (z; — 7)%/0}, and g(w) = w™"/2e*/2. Since g(w) is a convex function with a
minimum at w = n (omitted the proof),

n

n
A>k = w<korw>k = Z(zi—ffﬁclor Z(xi—i)zzcg,
i=1 i=1

where ¢; = 05k, and ¢y = 04ks.

6.5.5. Let Xi,..., X, and Yi,...,Y,, be independent random samples from the distributions N(6,03) and
N (0,04), respectively.

17



(a) Show that the likelihood ratio for testing Hy : 61 = 62, 03 = 04 against all alternatives is given by

[0 s =72 /) " [ (= )2 ]
(S8 @i — w2 + 57 (i —w?] /(0 +m) }

where u = (nZ + my)/(n +m).

2

Solution.

On the whole space €2, by the previous exercises,

IZY; 2:?5
1 n e n
Os3=— (X; —X)%, ,=—) (V;-Y)?
3 n;( )7, Os m;( )
Under Hy, on the other hand,

010 = 020 = U,
B30 = Oy = X; —U)? Y; —U)?
80 = a0 = ——— ;( U) +§1:( U)

Hence, A = L(al, 05, 05, @1)/[/(5107 530) gives the desired result.

(b) Show that the likelihood ratio test for testing Hy : 05 = 04, 61 and 62 unspecified, against H; : 05 # 04,
f, and 65 unspecified, can be based on the random variable

2 (Xi = X)?/(n—1)

F - m Eva
(Y~ Y)2/(m— 1)

Solution.

Note that Hy is different from that in part (a). Under €, the mles are the same as in part (a), while
under Hy,
b0 =X, 020 =Y,

n m

S XX+ > (v - Y)?

1

1

530 = 540 =
n-—+m

Hence, the LRT statistic is given by
-] [ -5 m] "
(@i =22+ 27 =97 /(n+m)}

Here, let S? and 55 denote the sample variances. Then the F statistic is F' = 52/ 5’5 and thus

(82)(53)m
[(n— 1)S2 + (m — 1)S2]ntm)/2
(52)/2(52)™/2) (52) ) 2
[(n = )52 + (m — DS/ (52 2
CHES
[(n—1)832/87 + (m — 1)]ntm)/2
Fn/2
K = OF =

A=K

which is a function of random variable F' ~ F},_1 ,,,—1,
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6.5.6. Let X1, Xo,..., X, and Y1, Y5, ..., Y,, be independent random samples from the two normal distributions
N(0,60,) and N(0, 65).

(a) Find the likelihood ratio A for testing the composite hypothesis Hy : 61 = 02 against the composite
alternative Hy : 61 # 5.

Solution.

On the whole space €2, by the previous exercises,
R 1 n R 1 n
01=—) X7, 0=—) Y2
Under Hy, on the other hand, solving ¢'(0;) = 0 gets

IO NG
1 1

i

n-+m

Hence, the LRT statistic is

A LBLE)  {[STe? 4 ] )}

L(6y) a2 /n)™ 2 (S g2 /m) ™

(b) This A is a function of what F-statistic that would actually be used in this test?
Solution.
Similarly to part (b) in Exercise 6.5.5, under Hy : 01 = 0o,

(1 X200/ X

Q27 Y2/61)/m 3TYE /m ’

can be used in A as a random variable.

F =

6.5.7. Let X and Y be two independent random variables with respective pdfs

Flas6;) = (e—i)e / 0<zx<oo, 0<6; <0
0 elsewhere.

for ¢ = 1,2. To test Hy : #; = 0 against Hy : 81 = 05, two independent samples of sizes n; and no,
respectively, were taken from these distributions. Find the likelihood ratio A and show that A can be written
as a function of a statistic having an F-distribution, under Hy.

Solution.

Given that

Under 2, we obtain the mles (omitted the proof)

é\1:)(7

=l

) =
While, under Hy, solving ¢'(61) = 0 obtains
~ nly + n2?

Bro = B0 =
ni + ng
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Hence, the LRT statistic is

L(6:.0:) _  _ g (T +neg)m ™ (01 (T/F) + ng)™

L(6y0) Ty @/y)™

A:

which is a function of a random variable X /Y.

Under Hy, X,Y ~ T'(1,6,),

9§ Jp—
% ~ v2(2n1) % 2 (2m).
' 1
Therefore,
X _ (277" Xi/61)/(2n1) - s
? (2 ZTl }/}{/91)/(2n2) ni,2ng s

which is the desired result.
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