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1 Span

• Given a vector space V over a field K, the span of S ⊆ V can be defined as the set of all finite linear
combinations of elements of S:

span(S) =

{
k∑

i=1

λivi

∣∣∣∣∣ vi ∈ S, λi ∈ K

}
,

which is a subspace of V . Clearly, S ⊂ span(S). We say S spans V .

2 Basis

• If x can be expressed as a linear combination: x =
∑n

i=1 αivi, then {v1, . . . ,vn} is called a basis. A
basis is not unique. For example, the following both are a basis of V = R3.

1
0
0

 ,

0
1
0

 ,

0
0
1

 ,


3
0
0

 ,

0
4
0

 ,

0
0
1


• If x1, . . . , xk (k < n) are linearly independent vectors, then they can be extended to form a basis for
the n-dimensional vector space of V .

3 Subspace

• If S and T are subspaces of V , then S ∩ T (intersection) and S + T = {s + t | s ∈ S, t ∈ T} are also
subspaces of V . However, S ∪ T = {s or t | s ∈ S, t ∈ T} (union) is not always a subspace of V .

• S⊥ = {v ∈ V | (v, s) = 0, ∀s ∈ S} is a vector space (subspace). Proof : Let v1,v2 ∈ S⊥ and α ∈ R,

(αv1 + v2, s) = α(v1, s) + (v2, s) = 0 ⇒ αv1 + v2 ∈ S⊥,

(0, s) = 0 ⇒ 0 ∈ S⊥.

• N(A) is a vector space (subspace). Proof : Let x,y ∈ N(A) and α ∈ R, then A(αx + y) = 0 ⇒
αx+ y ∈ N(A) and A0 = 0 ⇒ 0 ∈ N(A).

4 Inner product

• A vector space V is an inner product space if it is endowed with an inner product defined as V ×V → R,
and has the following properties: For x, y, z ∈ V and α, β ∈ R,

(i) Symmetry: (x, y) = (y, x)

(ii) Linearity: (αx+ βy, z) = α(x, z) + β(y, z)

(iii) Non-negative: (x, x) ≥ 0 with equality if and only if x = 0.

• If x1, . . . , xn are orthogonal vectors in V with an inner product (·, ·), then they are linearly independent.

Proof : Suppose
∑n

i=1 αixi = 0. Then

0 = (0, xj) =

(
n∑

i=1

αixi, xj

)
= αj∥xj∥2 ⇒ αj = 0, j = 1, . . . , n.

• Even if x and y are orthogonal, they are not always linearly independent as either one can be zero.
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• Cauchy–Schwarz inequality: (x, y)2 ≤ ∥x∥2∥y∥2 ⇔ |(x, y)| ≤ ∥x∥∥y∥ with equality iff x = 0 or y =
0. Proof : Set w1 = x/∥x∥ and w2 = y/∥y∥. 0 ≤ (w1 − w2, w1 − w2) = 2(1− (w1, w2)) ⇒ (w1, w2) ≤ 1.

Example: Applying xi =
√
ai and yi = 1/

√
ai yields(

n∑
i=1

1

)2

≤
n∑

i=1

ai

n∑
i=1

1/ai ⇒ n∑n
i=1 1/ai

≤
∑n

i=1 ai
n

,

meaning that Harmonic mean ≤ Arithmetic mean (≤ Geometric mean).

5 Some useful results for Matrices

• Let ci be a vector with 1 for the i th element and 0 elsewhere.

• If Ax = 0 for ∀x, then A = O: Setting x = ci leads to Ax = ai = 0, where ai is the ith column of A.

• If A is symmetric and x′Ax = 0 for ∀x, then A = O: Setting x = ci leads to x
′Ax = aii = 0. Further,

setting x = ci + cj (i ̸= j) leads to x′Ax = aii + 2aij + ajj = 0 ⇒ aij = 0.

• If A is not symmetric, however, this is FALSE. Although aii = 0 still satisfies, we have aij + aji = 0
instead of 2aij = 0. The counterexample is like this:

A =

(
0 1
−1 0

)
⇒

(
x1 x2

)( 0 1
−1 0

)(
x1
x2

)
= 0 ∀x.

• If A is symmetric and nonsingular (usually variance-covariance matrix), then

β′Aβ − 2b′β = (β −A−1b)′A(β −A−1b)− b′A−1b.

6 Trace and Eigenvalues

• Given a square matrix A, consider Ax = λx ⇔ (A − λI)x = 0, where x ̸= 0. Then A − λI is always
singular because otherwise (if nonsingular) x = 0, which contradicts the assumption. Thus, solving
|A− λI| = 0 obtains λ (eigenvalue) and the corresponding x (eigenvector).

• If A is an n× n symmetric with eigenvalues λi (i = 1, . . . , n,

– tr(A) =
∑n

i=1 λi and det(A) = |A| =
∏n

i=1 λi by expanding |λIn −A|.

– tr(Ak) = tr[(TΛT ′)k] = tr(TΛkT ′) = tr(Λk) =
∑n

i=1 λ
k
i by the SD and the trace property.

7 Fundamental Subspaces

• The space spanned by the columns of A, called the column space of A, is denoted by C(A).

• Let A ∈ Rn×p.

Column space of A = C(A) = {Ax | x ∈ Rp},
Row space of A = R(A) = {A′x | x ∈ Rn} = C(A′),

Null space of A = N (A) = {x ∈ Rp | Ax = 0},
Left null space of A = N (A′) = {x ∈ Rn | A′x = 0}.

• N (A) = C(A′)⊥. Proof : If x ∈ N(A), then Ax = 0 ⇒ b′Ax = 0,∀b ⇒ x′(A′b) = 0 ⇒ x ∈ C(A′)⊥.
Conversely, if x ∈ C(A′)⊥, then x′y = x′(A′b) = 0, ∀b⇒ b′Ax = 0, ∀b⇒ Ax = 0 ⇒ x ∈ N (A).
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• (Ω1 ∩ Ω2)
⊥ = Ω⊥

1 +Ω⊥
2 . Let Ωi = N (Ai) (i = 1, 2). Then

Ω1 ∩ Ω2 = N (A1) ∩N (A2) = N
(
A1

A2

)
⇒ (Ω1 ∩ Ω2)

⊥ = N
(
A1

A2

)⊥

= C(A′
1 | A′

2) = C(A′
1) + C(A′

2) = Ω⊥
1 +Ω⊥

2 .

• (HW1) If C(A) ⊆ C(B), show there exists C s.t. A = BC. What is rank(C) if A has full column rank?

Solution Let ai be the ith column of A (i = 1, . . . ,m), then since ai ∈ C(A) ⊆ C(B), there exists
ci s.t. ai = Bci, so that A = BC. Then m = rank(A) = rank(BC) ≤ rank(C) ≤ m follows
rank(C) = rank(A).

8 Rank

• rank(A) is equivalent to the maximum number of linearly independent rows or columns.

• rank(AB) ≤ min(rank(A), rank(B)) since the rows of AB are linear combinations of the rows of B and
the columns of AB are linear combinations of the columns of A.

• If X is n× p of rank p and B is p× q of rank q, then rank(XB) = q.

Proof 1 : XBa = X(Ba) = 0 ⇒ Ba = 0 ⇒ a = 0. So, XB also has linearly independent columns.

Proof 2 : q = rank(B) = rank[(X ′X)−1X ′XB] ≤ rank(XB) ≤ rank(B) = q.

• If A is any matrix and P and Q are any comfortable nonsingular matrices, then rank(PAQ) = rank(A).

Proof : rank(A) ≤ rank(PAQ) ≤ rank(P−1PAQQ−1) = rank(A).

• (HW1) Suppose the columns of a comfortable matrix C are added to columns of A to form the aug-
mented matrix (A | C). Then rank(A | C) ≥ rank(A).

Solution: Use the monotonicity of dimension. Let A = (a1 · · ·ap) and C = (c1 · · · cq). Then

C(A) = span{a1, . . . ,ap} ⊆ span{a1, . . . ,ap, c1, . . . , cq} = C(A|C).

Hence, dim(C(A)) ≤ dim(C(A|C)), or equivalently, rank(A) ≤ rank(A|C).

• By the above and the SD, rank(A) = rank(T ′AT ) = rank(Λ), i.e., rank(A) = No. of nonzero eigenvalues.

• Any n× n symmetric matrix A has a set of n orthogonal eigenvectors and C(A) is the space spanned
by those eigenvectors corresponding to nonzero eigenvalues.

Proof : Suppose λr+1 = · · · = λn = 0. Since A = TΛT′ =
∑r

i=1 λitit
′
i,

Ax =

r∑
i=1

λitit
′
ix =

r∑
i=1

λi(t
′
ix)ti, ∃x,

which means that C(A) is spanned by t1, . . . , tr.

• LetX be a n×pmatrix of rank r < p andX partitions (X1 | X2), whereX1 ∈ Rn×r andX2 ∈ Rn×(p−r),
then show that X = X1L where L is r × p of rank r. Proof : there exists H s.t. X2 = X1H, so that

X = (X1 | X1H) = X1(Ir | H) := X1L ⇒ r = rank(Ir) ≤ rank(Ir | H) = rank(L) ≤ min(r, p) = r.

• If A ∈ Rn×p is of full column rank, Ax = 0 ⇒ x = 0 (Ax = 0 ⇔ x = 0) since

(a1, . . . ,ap)

x1...
xp

 =

p∑
j=1

xjaj = 0.
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• Then A′A is non-singular (invertible).

Proof 1 : Consider A′Ax = 0. If A′A is not invertible, there must be a nonzero x such that Ax = 0,
which contradicts the fact that A has full column rank.

Proof 2 : x′A′Ax = ∥Ax∥2 ≥ 0. Since Ax = 0 holds iff x = 0, A′A ≻ O ⇒ A′A is nonsingu-
lar/invertible.

• Likewise, if A ∈ Rn×p is of full row rank, A′x = 0 ⇒ x = 0.

• (HW1) Show the product of two full row rank matrices always full row rank.

Solution: Let A and B be of full row rank. Then (BC)′x = C′(B′x) = 0 ⇒ B′x = 0 ⇒ x = 0.

• Rank-nullity theorem: If a matrix A ∈ Rn×p with rank(A) = r

dimC(A) + dimN (A) = p or rank(A) + nullity(A) = p.

Proof : Let s = dimN (A) and α1, . . . , αs be a basis for N (A) ∈ Rp. Add (p − s) linearly independent
vectors β1, . . . , βp−s so that {α1, . . . , αs, β1, . . . , βp−s} is a basis for Rp. Then x can be written as:

x =

s∑
i=1

ciαi +

p−s∑
j=1

djβj ⇒ Ax =

p−s∑
j=1

dj(Aβj) ∵ Aαi = 0,

which means that any vector in C(A) is spanned by Aβ1, . . . , Aβp−s. They are linearly independent
vectors since suppose

p−s∑
j=1

γj(Aβj) = A

p−s∑
j=1

γjβj = 0 ⇒
p−s∑
j=1

γjβj ∈ N(A),

leading to

p−s∑
j=1

γjβj =

s∑
i=1

δiαi ⇒
p−s∑
j=1

γjβj −
s∑

i=1

δiαi = 0.

Since {α1, . . . , αs, β1, . . . , βp−s} is a basis for Rp, γj(= δi) = 0, ∀i, j. That is, {Aβ1, . . . , Aβp−s} is a
basis for C(A) so that p− s = dimC(A) = rank(A) = r.

• rank(X ′X) = rank(X) = rank(XX ′) = rank(X ′).

Proof : First show N(X ′X) = N(X). a ∈ N(X) ⇒ Xa = 0 ⇒ X ′Xa = 0 ⇒ a ∈ N(X ′X) ⇒ N(X) ⊆
N(X ′X). Conversely, a ∈ N(X ′X) ⇒ X ′Xa = 0 ⇒ ∥Xa∥2 = 0 ⇒ Xa = 0 ⇒ a ∈ N(X) ⇒ N(X ′X) ⊆
N(X). Then we have dimN(X ′X) = dimN(X). Since both X ′X and X have the same p columns, by
the rank-nullity theorem,

p− rank(X ′X) = p− rank(X) ⇒ rank(X ′X) = rank(X).

In a similar way, rank(XX ′) = rank(X ′). Since rank(X ′X) = rank(XX ′), we show the lemma.

• rank(X+X) = rank(X) = rank(XX+) = rank(X+) holds, where X+ is the Moore Penrose inverse.

• C(X ′X) = C(X ′). Proof : a ∈ C(X ′X) ⇒ a = X ′Xb = X ′c,∃c = Xb ⇒ a ∈ C(X ′), so C(X ′X) ⊆
C(X ′). However, dim(C(X ′X)) = dim(C(X ′)) by the above lemma, leading to C(X ′X) = C(X ′).
This implies that we can always find one or more solutions to X ′Xβ = X ′y.

9 Symmetric and idempotent

• If A is symmetric, i.e., A′ = A, then An is also symmetric.
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• Symmetric matrices have only real eigenvalues:

Proof 1 : λ∥x∥2 = (λx, x) = (Ax, x) = (x,A′x) = (x,Ax) = λ∗∥x∥2 ⇒ λ∗ = λ.

Proof 2 : Let Ax = λx = (α+ iβ)x (x ̸= 0). Define B = (A− (α− iβ)I)′(A− (α+ iβ)I). Then

B = A2 − 2αA+ α2I+ β2I = (A− αI)2 + β2I ∵ A′ = A.

Since Bx = (A− (α− iβ)I)′(Ax− (α+ iβ)x) = 0 by the assumption,

0 = x′Bx = x′(A− αI)2x+ β2x′x = ∥(A− αI)x∥2 + β2∥x∥2 ∵ (A− αI)′ = (A− αI).

The last two terms are both nonnegative, so β = 0.

• The eigenvectors corresponding to distinct eigenvalues are orthogonal to each other.

Proof : Let Ax = λ1x and Ay = λ2y (λ1 ̸= λ2). Then

λ1(x,y) = (λ1x,y) = (Ax,y) = (x,A′y) = (x,Ay) = (x, λ2y) = λ2(x,y) ⇒ (x,y) = 0.

• If A2 = A, A is said to be idempotent. A symmetric and idempotent matrix is called a projection
matrix , whose eigenvalues are 0 or 1 as λ2x = λ(Ax) = A2x = Ax = λx⇒ λ.

– X+X is a projection matrix, where X+ is the Moore-Penrose inverse (Midterm): (X+X)′ = X+X
and (X+X)(X+X) = X+X. So does XX+.

• If A is symmetric and orthogonal, i.e., A′A = AA′ = I, then row and columns of A are orthogonal each
other. Also, det(A′A) = |A|2 = 1 ⇒ |A|±1, which does not mean eigenvalues are ±1 (e.g., ±0.5,±2).

• If A ∈ Rn×n with rank r < n is (symmetric) and idempotent, by above and the spectral decomposition,

T ′AT = Λ =

(
Ir O
O O

)
⇒ A = TΛT ′ = ( T1︸︷︷︸

n×r

| T2)
(
Ir O
O O

)(
T ′
1

T ′
2

)
= T1T

′
1,

where AT1 = T1 (λ1 = · · · = λr = 1) and AT2 = O (λr+1 = · · · = λn = 0). Note that

– t1 . . . , tr ∈ C(A) = R(A), while tr+1, . . . , tn ∈ N(A), i = r + 1, . . . , n.

– Note: Unlike T , T1T
′
1 is not identity as T1 not square. But T1 has orthogonal columns, T ′

1T1 = Ir.

• Positive definite and semi-positive definite are defined only to symmetric matrices.

– If A is p.d. ⇒ |A| > 0 ⇒ A is non-singular. The converse is not true.

– If A is idempotent, then rank(A) = tr(A) = the number of eigenvalues 1.

10 Projections on Subspaces

• Let PΩ and Pω be the projection matrix onto Ω = C(X) and ω ⊆ Ω.

• PΩ(I − PΩ) = O ⇒ I − PΩ = PΩ⊥ , that is, I − PΩ projects onto Ω⊥.

• Since PωPΩ = PΩPω = Pω, we have Pω(PΩ − Pω) = O, meaning that PΩ − Pω = Pω⊥∩Ω.

• (I − PΩ)(PΩ − Pω) = (PΩ − Pω)− PΩ(PΩ − Pω) = O ⇒ I − PΩ ⊥⊥ PΩ − Pω.

• If A1 is any matrix such that ω = N (A1) ∩ Ω, then ω⊥ ∩ Ω = C(PΩA
′
1).

Proof : Since ω⊥ = (N (A1)∩Ω)⊥ = C(A′
1)+Ω⊥, if x ∈ ω⊥∩Ω, then x = PΩx = PΩ[A

′
1α+(I−PΩ)β] =

PΩA
′
1α ∈ C(PΩA

′
1) ⇒ ω⊥ ∩ Ω ⊆ C(PΩA

′
1). Conversely, if x ∈ C(PΩA

′
1), then x ∈ C(PΩ) = Ω. Also, if

z ∈ ω = N (A1) ∩ Ω, then x′z = α′A1PΩz = α′A1z = 0, so that x ∈ ω⊥ ∩ Ω ⇒ C(PΩA
′
1) ⊆ ω⊥ ∩ Ω.
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• If A1 is a q × n matrix of rank q, then rank(PΩA
′
1) = q if and only if C(A′

1) ∩ Ω⊥ = 0.

Proof : We have rank(PΩA
′
1) ≤ rank(A1) = q. Let A′

1 = (a1,a2, . . . ,aq) ∈ Rn×q and suppose
rank(PΩA

′
1) < q. Then there exists nonzero

∑
i ciai ∈ C(A′

1) such that PΩA
′
1c =

∑
i ciPΩai = 0 that

is perpendicular to Ω. Hence, C(A′
1) ∩ Ω⊥ ̸= 0, which is a contradiction.

11 Positive (semi-) Definite

• A is positive definite iff x′Ax > 0, ∀x ̸= 0 or iff all leading minors have positive determinant. If A is
positive definite, A is clearly non-singular.

• A is positive semi-definite if x′Ax ≥ 0, ∀x ̸= 0.

• The diagonal elements of a p.d. matrix are all positive: Setting x = ci leads to x
′Ax = aii > 0, ∀i.

• If A is p.d., there exists the non-singular and symmetric matrix A
1
2 such that A

1
2A

1
2 = A

Proof : Since A is symmetric and has only positive eigenvalues, by spectral decomposition,

A = TΛT′ = TΛ
1
2Λ

1
2T′ = (TΛ

1
2T′)(TΛ

1
2T′) = A

1
2A

1
2 since T′T = I.

• If A is p.s.d., we also have A s.t. A
1
2A

1
2 = A, but A is singular so that A−1/2 does not exist.

– Hence, if A is p.s.d., then X′AX = O ⇒ AX = O. Proof below:

For ∀a, a′X′AXa = ∥A1/2Xa∥2 = 0 ⇒ A1/2Xa = 0 ⇒ AXa = 0 (not Xa = 0), so AX = O.

• Simultaneous diagonalization: If A ≻ O and B ⪰ O, then there exists U (|U| ≠ 0) s.t.

U′AU = I, U′BU = D = diag(d1, . . . , dn).

Proof : By definition of positive definite, we can assume A and B are symmetric. Also, A ≻ O implies
that A1/2 exists, so that A− 1

2BA− 1
2 is symmetric. By the spectral decomposition,

T′A− 1
2BA− 1

2T = (A− 1
2T)′B(A− 1

2T) = U′BU = D ⪰ O,

where U = A− 1
2T. Then U′AU = T′A− 1

2AA− 1
2T = T′T = I as T is orthogonal.

– If A ≻ O and B ≻ O and A ≻ B, then 1) |A| > |B| and 2) B−1 −A−1 ≻ O.

Proof of (1): Since U is nonsingular, I−D = U′(A−B)U ≻ O. Hence, di < 1 for ∀i. Hence,

0 < |I| − |D| = |U′|(|A| − |B|)|U| = (|A| − |B|)|U′U| = (|A| − |B|)|A|−1 ⇒ |A| − |B| > 0.

Proof of (2): We have A−1UU′ and B−1 = UD−1U′, so that

B−1 −A−1 = U(D−1 − I)U′ ≻ O ∵ D−1 − I ≻ O.

• If A is an n× n p.d. and B is an n× n symmetric matrix, then A− tB ≻ O for |t| sufficiently small.
Brief proof : The ith leading minor determinant of A − tB is a function of t, which is positive when
t = 0. Since the function is continuous, it will be positive for |t| < δi for δi sufficiently small. Let
δ = min(δ1, . . . , δn), then all the leading minor determinants will be positive for |t| < δ.

• If L is positive definite then for any b,

max
h”h ̸=0

[
(h′b)2

h′Lh

]
= b′L−1b.

Proof : Use Cauchy–Schwarz inequality: (u′v)2 ≤ ∥u∥2∥v∥2. Suppose u ̸= 0, then we have

(u′v)2

∥u∥2
≤ ∥v∥2

8



Further let u = L1/2h (h ̸= 0) and v = L−1/2b as L ≻ O, then

(h′b)2

h′Lh
≤ b′L−1b

with the equality holds when L1/2h = cL−1/2b⇒ cb = Lh, where c is a scalar.

12 Eigenvalue Application

• Let A be an n× n symmetric matrix, then

max
x:x̸=0

(
x′Ax

x′x

)
= λMAX, min

x:x ̸=0

(
x′Ax

x′x

)
= λMIN

and these values occur when x is the eigenvector corresponding to the λMAX and λMIN, respectively.

Proof : Suppose λ1 ≥ · · · ≥ λn. By the spectral decomposition, T ′AT = Λ. Setting x = Ty leads to

x′Ax

x′x
=
y′T ′ATy

y′T ′Ty
=
y′Λy

y′y
=

∑n
i=1 λiy

2
i∑n

i=1 y
2
i

≤ λ1

with equality when y = e1 ⇒ x = Te1 = t1. Also,

x′Ax

x′x
=
y′T ′ATy

y′T ′Ty
=
y′Λy

y′y
=

∑n
i=1 λiy

2
i∑n

i=1 y
2
i

≥ λn

with equality when y = en ⇒ x = Ten = tn.

• (HW1) Show the minimum and maximum eigenvalues of

B =
2b

2b− 1
In − 1n1

′
n

2b− 1
, b >

1

2
.

Solution: For x ̸= 0,

x′Bx

x′x
=

2b

2b− 1
− 1

2b− 1

(1′nx)
2

x′x
.

By Cauchy–Schwarz inequality,

x′Bx

x′x
≥ 2b

2b− 1
− 1

2b− 1

∥1n∥2∥x∥2

x′x
=

2b

2b− 1
− n

2b− 1
=

2b− n

2b− 1
= λMIN

with equality iff x = c1n. Also,

x′Bx

x′x
≤ 2b

2b− 1
= λMAX

with equality iff 1′nx = 0, i.e., 1n ⊥ x.

13 Partitioned Matrix

• Basic determinant properties∣∣∣∣( I B
O I

)∣∣∣∣ = ∣∣∣∣( I O
C I

)∣∣∣∣ = |I| = 1,

∣∣∣∣(A11 O
O I

)∣∣∣∣ = |A11|,
∣∣∣∣( I O
O A22

)∣∣∣∣ = |A22|

follow ∣∣∣∣( I O
A21 A22

)∣∣∣∣ = ∣∣∣∣( I O
O A22

)∣∣∣∣ ∣∣∣∣( I O
A−1

22 A21 I

)∣∣∣∣ = |A22|,∣∣∣∣(A11 O
A21 A22

)∣∣∣∣ = ∣∣∣∣(A11 O
O I

)∣∣∣∣ ∣∣∣∣( I O
A21 A22

)∣∣∣∣ = |A11||A22|.
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• Let A11.2 = A11 −A12A
−1
22 A21 (Schur complement), then |A| = |A22||A11.2| = |A11||A22.1| since

|A| =
∣∣∣∣1 · (A11 A12

A21 A22

)
· 1
∣∣∣∣ = ∣∣∣∣( I −A12A

−1
22

O I

)(
A11 A12

A21 A22

)(
I O

−A−1
22 A21 I

)∣∣∣∣ = ∣∣∣∣(A11.2 O
O A22

)∣∣∣∣ .
• (HW2) Let A ∈ Rn×m and B ∈ Rm×n then |In +AB| = |Im +BA|. Proof :

|Im +AB| =
∣∣∣∣Im +AB O

B In

∣∣∣∣ = ∣∣∣∣Im A
O In

∣∣∣∣ ∣∣∣∣Im −A
B In

∣∣∣∣ = ∣∣∣∣Im −A
B In

∣∣∣∣ ∣∣∣∣Im A
O In

∣∣∣∣ = ∣∣∣∣Im O
B In +BA

∣∣∣∣ = |In +BA|.

• (HW3) If a partition matrix

A =

(
A11 A12

A21 A22

)
⪰ O,

then N(A22) ⊂ N(A12) and C(A21) ⊂ C(A22).

Proof : Let x′ = (x′
1 αx

′
2), where x2 ∈ N(A22) and α ∈ R.

0 ≤ x′Ax = x′
1A11x1 + αx′

2A21x1 + αx′
1A12x2 + α2x′

2A22x2

= x′
1A11x1 + 2αx′

1A12x2 since A′
21 = A12, A22x2 = 0.

To satisfy that RHS ≥ 0 for ∀α and ∀x1, A12x2 has to be zero, i.e., x2 ∈ N(A12). Hence, N(A22) ⊂
N(A12). It follows from this relationship that

N(A22) ⊂ N(A12) ⇔ C(A′
22)

⊥ ⊂ C(A′
12)

⊥

⇔ C(A22)
⊥ ⊂ C(A21)

⊥ since A′
22 = A22,A

′
12 = A21

⇔ C(A21) ⊂ C(A22).

14 Inverse Matrix

• Sherman-Morrison-Woodbury formula: Let A and B be nonsingular m×m and n× n matrices,
respectively, and let U be m× n and V be n×m. Then

(A+ UBV )−1 = A−1 −A−1UB(B +BV A−1UB)−1BV A−1

= A−1 −A−1U(B−1 + V A−1U)−1V A−1.

Proof : Pre- or post- multiply by A+ UBV to get Im.

• Setting B = 1, U = ±u ∈ Rm, and V = v′ ∈ Rm, we have

(A± uv′)−1 = A−1 ∓ A−1uv′A−1

1± v′A−1u
.

15 Generalized inverse

• Let A ∈ Rn×m with rank of r < min(n,m) (not full rank), then there exists A−, s.t. (i) AA−A = A.

• Such a matrix always exists and is called a generalized inverse or g-inverse (HW1).

Proof : If A is non-singular, then B = A−1 is unique.

If A is singular, suppose A ∈ Rm×n with rank(A) = r. By the rank factorization, we obtain A = CR,
where C ∈ Rm×r is full column rank and R ∈ Rr×n is full row rank. Since ABA = (CR)B(CR) =
C(RBC)R, we want to find B s.t. RBC = I so that ABA = A. As mentioned before, C′C and RR′

are non-singular even though A is singular. Hence, there always exists

B = R′(RR′)
−1

(C′C)
−1

C′

such thatRBC = I. Especially, ifA is full column rank, B = (A′A)
−1

A′ is a g- inverse ofA. Similarly,

if A is full row rank, B = A′(AA′)
−1

is a g- inverse of A.
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• A− is not unique. There are several ways of getting it: If A− is a g-inverse, then

– G = A− + (I−A−A)W (W ̸= O) is also a g-inverse since AGA = A(A− + (I−A−A)W)A =
AA−A+ (A−AA−A)WA = A, or

– G = A−+uv′ (uv′ ̸= O) is also a g-inverse, where u ∈ N(A) s.t. u ̸= 0 or v ∈ N(A′) s.t. v ̸= 0,
since AGA = AA−A− + (Au)v′A = A.

• Taking transpose of the above property yields A′(A−)′A′ = A′, leading to (A′)− = (A−)′.

• A solution(s) to Ax = b is x = A−b, which is not unique, as A(A−b) = AA−Ax = Ax = b.

• If A− also satisfies three more conditions: (ii) A−AA− = A−, (iii) (AA−)′ = AA−, and (iv)
(A−A)′ = A−A, then A− is denoted by A+, which is called the Moore-Penrose inverse.

• Moore-Penrose inverse A+ is unique. If B+ is another Moore-Penrose inverse, then

B+ = B+AB+ = B+AA+AB+ = A′(B+)′A+(B+)′A′ = A′(A+)′A′(B+)′A+(B+)′A′(A+)′A′

= A+AB+AA+AB+AA+ = A+AA+AA+ = A+AA+ = A+.

• (HW5) Show C(A+) = C(A′).

Proof : If x ∈ C(A+), then x = A+u = A+AA+u = A′(A+)′A+u ∈ C(A′) for some u. If x ∈ C(A′),
then x = A′w = (A+A)′A′w = A+AA′w ∈ C(A+) for some w.

16 Decomposition

• Rank factorization: A︸︷︷︸
n×p

= C︸︷︷︸
n×r

R︸︷︷︸
r×p

, where C has full column rank and R has full row rank. Then

(C′C)−1C′C = RR′(RR′)−1 = Ir.

• (HW1) If PA′A = QA′A, then PA′ = QA′ for any comfortable matrices P and Q.

Solution: If A is non-singular, or A−1 exists, PA′A = QA′A ⇒ PA′ = QA′.

If A is singular and rank(A) = r, we have A = CR by the rank factorization, where C ∈ Rn×r is full
column rank and R ∈ Rr×n is full row rank. Then

PA′A = QA′A ⇒ (P−Q)A′A = O ⇒ (P−Q)R′C′CR = O.

Note that the r × r matrices C′C and RR′ are non-singular or invertible because we have

rank(C′C) = rank(C) = rank(RR′) = rank(R) = r (full rank)

Thus, multiplying by R′(RR′)
−1

(C′C)
−1

C′ (g-inverse of A), we obtain

(P−Q)R′C′CR[R′(RR′)
−1

(C′C)
−1

C′] = O ⇒ (P−Q)R′C′ = O ⇒ (P−Q)A′ = O.

• QR factorization (Gram-Schmidt algorithm): Suppose A ∈ Rn×k and Q = (q1 · · ·qk), where

qi =
ai −

∑i−1
j=1(ai,qj)qj

∥ai −
∑i−1

j=1(ai,qj)qj∥
, 1 ≤ i ≤ k (orthonormal columns).

Then A = QR, where R is an upper triangle. QR decomposition is often used to solve the linear least
squares problem.

Application: Consider normal equations: X ′Xβ = X ′y. Solving β̂ = (X ′X)−1X ′y is computationally
costly. If we obtain X = QR, then the normal equations become

R′Q′QRβ = R′Q′y ⇒ R′Rβ = R′Q′y ⇒ (R′)−1R′Rβ = (R′)−1R′Q′y ⇒ Rβ = Q′y.

Since R is an upper triangular, it is easier to compute β by solving this from the last element of β.

11



• Spectral decomposition: If A is a n×n symmetric matrix, then A = TΛT′ =
∑

i λitit
′
i, or T

′AT = Λ,
whereΛ = diag(λ1, . . . , λn) andT is an orthogonal matrix (not symmetric in general) with eigenvectors.
The columns of T are eigenvectors, which form an orthogonal basis for Rn.

– C(A) is spanned by its eigenvector: Ax =
∑

i λitit
′
ix =

∑
i λi(t

′
ix)ti ∈ C(A).

• Singular value decomposition: Let A ∈ Rn×p with rank of r,

A︸︷︷︸
n×p

= (Sr | Sp−r)︸ ︷︷ ︸
n×p

(
Dr O
O O

)(
T′

r

T′
p−r

)
︸ ︷︷ ︸

p×p

(normal form)

= Sr︸︷︷︸
n×r

Dr T′
r︸︷︷︸

r×p

(reduced form)

=

r∑
i=1

σisit
′
i (outer product form),

where Dr = diag(σ1, . . . , σr) for σ1 ≥ · · · ≥ σr > 0. S′
rSr = T′

rTr = Ir (Converse is not identity!).

– Solution 1: Find σ2
i (eigenvalues) and ti (eigenvectors) by solving A′Ati = σ2

i ti. Then

si =
Ati
σi

, i = 1, . . . , r,

where s′isj = tiA
′Atj/(σiσj) = (σj/σi)titj = δij , i.e., Sr is orthogonal as well as Tr.

– Solution 2: Find σ2
i and si by solving AA′si = σ−1

i AA′Ati = σiAti = σ2
i si. Then

ti =
A′si
σi

, i = 1, . . . , r.

– The Moore–Penrose inverse: A+ = TD−1
r S′ that satisfies the following four properties: (i)

AA+A = (SDrT
′)(TD−1

r S′)(SDrT
′) = SDrT

′ = A, (ii) A+AA+ = TD−1
r S′ = A+, (iv)

(A+A)′ = [(TD−1
r S′)(SDrT

′)]′ = (TT′)′ = TT′ = A+A, and (iii) (AA+)′ = SS′ = AA+.

• (HW2) Find the SVD of X whose first row is (1, 0, 0, 0) and the second row is (−1, 0, 0, 0).

Solution: r = rank(X) = 1 and

X′X =


2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


implies that the eigenvector greater than 0 is λ = 2. Thus, σ1 =

√
2. The corresponding eigenvector is

(2I−X′X)t1 = 0 ⇒ t1 = (1, 0, 0, 0)′.

Then,

s1 =
Xt1
σ1

=
1√
2

(
1

−1

)
.

Hence,

X = SrDrT
′
r = s1σ1t

′
1 =

1√
2

(
1

−1

)
(
√
2)
(
1 0 0 0

)
(reduced form)

= SDT′ = (s1 s2)

(
σ1 0
0 0

)(
t′1
t′2

)
=

1√
2

(
1 1
−1 1

)(√
2 0
0 0

)(
1 0 0 0
0 1 0 0

)
(normal form)

In the normal form of SVD, s2 and t2 orthogonal to s1 and t1 were chosen, respectively.
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• Cholesky’s decomposition: IfA is p.d., there exists a unique upper triangular matrixR with positive
diagonal elements such that A = R′R. This is useful for efficient numerical solutions, e.g., Monte
Carlo simulations. The Cholesky decomposition is roughly twice as efficient as the LU decomposition
for solving systems of linear equations.

17 Expectation and Variance-covariance

• For a random matrix Z and comfortable matrices, E(AZB+C) = AE(Z)B+C.

• Cov(X,Y) = E[(X− E(X))(Y − E(Y)′] and Cov(X,X) = Var(X).

• Cov(AX,BY) = ACov(X,Y)B′.

• Var(aX+ bY) = a2 Var(X) + ab[Cov(X,Y) +Cov(Y,X)] + b2 Var(Y). Note Cov(X,Y) ̸= Cov(Y,X).

• Suppose Σ = Var(X). E(x′Ax) = tr(AΣ) + µ′Aµ.

– E[(x− b)′A(x− b)] = tr(AΣ) + (µ− b)′A(µ− b) as Var(X− b) = Var(X).

– If Σ = σ2In, E(x′Ax) = σ2 tr(A) + µ′Aµ = σ2(sum of the coefficient of X2
i ) + (x′Ax)x=µ

18 Multivariate normal distribution

• If y ∼ Np(µ,Σ), the density is f(Y | µ,Σ) = Ce−
1
2 (y−µ)′Σ−1(y−µ), where C = (2π)−p/2|Σ|−1/2:

Proof : By SD, Σ = TΛT′, where Λ = (λ1, . . . , λp) and let Z = T′(y − µ) ⇒ y = Tz+ u, then

1 =

∫
y∈Rp

Ce−
1
2 (y−µ)′Σ−1(y−µ)dy =

∫
z∈Rp

Ce−
1
2z

′Λ−1z|J |dz =

∫
z∈Rp

Ce−
1
2

∑p
i=1 z2

i /λidz

since |J | = |det(dy/dx)| = |det(T)| = | ± 1| = 1. Further∫
z∈Rp

Ce−
1
2

∑p
i=1 z2

i /λidz = C

p∏
i=1

∫ ∞

−∞
e−

1
2 z

2
i /λidzi = C

p∏
i=1

(
√
2πλi) = C(2π)p/2|Σ|1/2.

• For the above, E(z) = 0 ⇒ E(y) = u and Cov(Y) = Cov(TZ+ u) = TΛT′ = Σ.

• Mgf of y ∼ Np(µ,Σ) is ψY(t) = exp(µ′t+ 1
2t

′Σt).

Proof : If µ = 0, the mgf of y0 ∼ Np(0,Σ) is

E(et
′y0) = C

∫
et

′y0e−
1
2y

′
0Σ

−1y0dy0 = C

∫
e−

1
2 [(y0−Σt)′Σ−1(y0−Σt)−t′Σt]dy0 = e

1
2 t

′Σt,

so that E(et′y) = E(et′(y0+µ)) = et
′µE(et′y0) = eµ

′t+ 1
2 t

′Σt.

• Let y ∼ Nn(µ,Σ). If x = Ay + b, where A ∈ Rm×n with rank m (full row rank), then x ∼
Nm(Aµ+ b,AΣA′). Note: A must have full row rank to ensure AΣA′ ≻ O; otherwise xAΣA′x can
be zero for nonzero x.

• All subsets of y are multivariate normal: Take A = (Ik | O) ∈ Rk×n, Ay = (y1, . . . , yk) ∼ Nk(µk,Σk).

• For a ∈ Rn\{0}, a′y ∼ N1(a
′µ,a′Σa), i.e., a linear combination of yi’s is univariate normal.

• Suppose E(Y) = µ and Var(Y) = Σ. Y ∼ Nn(µ,Σ) ⇔ a′Y has a univariate normal for all a.

Proof : (⇒) See above. (⇐) If t′Y has a univariate normal for all t. By assumption, t′Y ∼ N(t′µ, t′Σt)
and hence the mgf of t′Y is Mt′Y(s) = E[es(t′Y)] = exp[(t′µ)s + t′Σts2/2]. Putting s = 1 yields
Mt′Y(1) = E(et′Y) = exp[t′µ+ t′Σt/2] =MY(t), which means that Y ∼ Nn(µ,Σ).

• Yet, even though all marginals of X are normal, X may not be normally distributed (See 250A HW).
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• Consider the joint density of X ∈ Rp and Y ∈ Rq:(
X

Y

)
∼ Np+q

((
µ1

µ2

)
,

(
Σ11 Σ12

Σ21 Σ22

))
,

then X ⊥⊥ Y ⇔ Σ12 = Σ′
21 = Op×q so that fX,Y (x, y | µ1, µ2,Σ) = fX(x | µ1,Σ11)fY (y | µ2,Σ22).

Proof : Use MGF. ψX,Y (t) = et
′µ+t′Σt = et

′
1µ1+t′1Σ11t1+t′2µ2+t′2Σ22t2 = ψX(t1)ψY (t2).

• In the above setting, the conditional density of X given Y = y is

X | Y = y ∼ Np(µ1 +Σ12Σ
−1
22 (y − µ2),Σ11.2)

The proof is below.

• Theorem 2.5: Let Y ∼ Nn(µ,Σ), U = AY and V = BY. Then U ⊥ V ⇔ Cov[U,V] = AΣB′ = 0.

19 Conditional multivariate normal distribution

• If A22 is invertible and given that

X =

(
X1

X2

)
∈ Rp+q, A =

(
A11 A12

A21 A22

)
∈ R(p+q)×(p+q).

Let E(X1) = µ1 and E(X2) = µ2.

Consider the transformation (
Y
X2

)
=

(
Ip −A12A

−1
22

O Iq

)(
X1

X2

)
.

Since this is a linear transformation, the joint distribution is also multivariate normal with E(Y) =
µ1 −A12A

−1
22 µ2, E(X2) = µ2. and covariance matrix

Var

(
Y
X2

)
=

(
Ip −A12A

−1
22

O Iq

)(
A11 A12

A21 A22

)(
Ip −A12A

−1
22

O Iq

)′

=

(
A11.2 O′

O A22

)
,

which implies thatY andX2 are uncorrelated and then independent. Thus, the conditional distribution
of Y | X2 = x2 is the same as the marginal distribution of Y:

Y | X2 = x2 ∼ Np(µ1 −A12A
−1
22 µ2, A11.2).

Further, because of this independence, X1 = Y +A12A
−1
22 X2 given X2 = x2 is distributed as

X1 | X2 = x2 ∼ Np(µ1 −A12A
−1
22 µ2 +A12A

−1
22 x2, A11.2)

∼ Np(µ1 +A12A
−1
22 (x2 − µ2), A11.2)

• If A22 is not invertible, consider the transformation with g-inverse of A22(
Y
X2

)
=

(
Ip −A12A

−
22

O Iq

)(
X1

X2

)
.

Then, covariance matrix

Var

(
Y
X2

)
=

(
Ip −A12A

−
22

O Iq

)(
A11 A12

A21 A22

)(
Ip O′

−A−
22A21 Iq

)
=

(
A11 −A12A

−
22A21 A12 −A12A

−
22A22

A21 A22

)(
Ip O′

−A−
22A21 Iq

)
=

(
A11.2 − (A12 −A12A

−
22A22)A

−
22A21 A12 −A12A

−
22A22

A21 −A22A
−
22A21 A22

)
.
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For the top left,

A11.2 − (A12 −A12A
−
22A22)A

−
22A21 = A11.2 −A12A

−
22A21 +A12A

−
22A22A

−
22A21 = A11.2.

For the top right and bottom left,

A12 −A12A
−
22A22 = H′A22 −H′A22A

−
22A22 = O

A21 −A22A
−
22A21 = A22H−A22A

−
22A22H = O.

since C(A21) ⊆ C(A22) implies that there exists H such that A21 = A22H and A12 = H′A22.

Therefore, as for the previous case,

Y | X2 = x2 ∼ Np(µ1 −A12A
−
22µ2, A11.2)

⇒ X1 | X2 = x2 ∼ Np(µ1 +A12A
−
22(x2 − µ2), A11.2)

20 Multivariate T distribution

Let Y = (Y1, Y2, . . . , Yp)
′ is said to have a multivariate t distribution if its PDF is given by

f(y) =
Γ( 12 (ν + n))

(πν)n/2Γ( 12ν)
|Σ|−1/2

[
1 +

(y − µ)′Σ−1(y − µ)

ν

]−(p+ν)/2

,

where Σ ≻ O. We say Y ∼ tp(ν, µ,Σ). This distribution has the following properties:

• If Σ = (σij), then (Yi − µi)/
√
σii ∼ tν .

• (Y − µ)′Σ−1(Y − µ) ∼ Fn,ν .

21 Quadratic form

• Let X be a p-dimensional random variable with mean µ and covariance Σ (not assumed normal yet).
Consider the quadratic form Q = x′Ax for some comfortable A. Then E(Q) = tr(AΣ) + µ′Aµ. Proof :

E(x′Ax) = E[tr(x′Ax)] = E[tr(Axx′)] = E[tr(A(x− µ)(x− µ)′ +Aµµ′)]

= trAE[((x− µ)(x− µ)′] + tr(Aµµ′).

• Example: Consider the mean of a sample variance S2 =
∑n

i=1(xi − x)2/(n− 1), where xi ∼ N(µ, σ2):

(n− 1)S2 =

n∑
i=1

(xi − x)2 = x′
(
In − 1n1

′
n

n

)
x := x′Ax,

so that E(n− 1)S2 = tr(AΣ) + x′Ax|x=µ = σ2 tr(A) + 0 = σ2(n− 1) ⇒ ES2 = σ2.

• Let y ∼ Np(0, Ip) and let A be symmetric. Then Q = y′Ay ∼ χ2
r(0) ⇔ A is idempotent of rank r:

Proof : (⇐) Using the spectral decomposition of A,

Q = y′TΛT ′y = z′Λz =

r∑
i=1

z2i ∼ χ2
r(0) ∵ z = T ′y ∼ Nn(0, T

′T = In)

= y′T1T
′
1y = z′rzr =

r∑
i=1

z2i ∼ χ2
r(0) ∵ zr = T ′

1y ∼ Nr(0, T
′
1T1 = Ir)

(⇒) Express the MGF of Q = y′Ay ∼ χ2
r with A, which is known. For t < 1/2,

1

(1− 2t)r/2
= E(eQt) =

∫
(2π)−p/2 exp

[
−y

′(I − 2tA)y

2

]
dy =

1

|I − 2tA|1/2
=

p∏
i=1

1

(1− 2tλi)1/2

by SD. It follows that r of p eigenvalues have to be 1 and the others 0 so that A is idempotent.
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• If y ∼ Np(0,Σ), then Q = y′Ay ∼ χ2
r(0) ⇔ AΣ is idempotent of rank r, or equivalently, AΣA = A.

Proof : Let x = Σ−1/2y ∼ N(0, Ip) ⇒ y = Σ1/2x, then Q = x′Σ1/2AΣ1/2x. By the above theorem,

Q = x′Σ1/2AΣ1/2x ∼ χ2
r ⇔ Σ1/2AΣ1/2 is idempotent of rank r

⇔ (Σ1/2AΣ1/2)(Σ1/2AΣ1/2) = Σ1/2AΣ1/2

⇔ AΣA = A ⇔ AΣAΣ = AΣ

with r = rank(Σ1/2AΣ1/2) = tr(Σ1/2AΣ1/2) = tr(AΣ) = rank(AΣ).

Another solution: r = rank(A) = rank(AΣA) ≤ rank(AΣ) ≤ rank(A) and Mgf of Q = y′Ay is

E
(
eQt
)
=

1

(2π)
p
2 |Σ| 12

∫
e−

1
2y

′(Σ−1−2tA)y′
dy =

1

|Σ−1 − 2tA| 12 |Σ| 12
=

1

|I− 2tAΣ| 12
.

provided that |t| is small enough. Note that if Σ ≻ O and A′ = A, then Σ+ tA is also p.d. for small |t|.

• Let y ∼ Np(0, Ip), Ai is symmetric and Qi = y′Aiy ∼ χ2
ri for i = 1, 2. Then Q1 ⊥ Q2 ⇔ A1A2 = O.

Proof : (⇒) Q1 ⊥ Q2 ⇒ Q1 +Q2 = y′(A1 +A2)y ∼ χ2
r1+r2 ⇒ A1 +A2 is idempotent by above, that is,

(A1 +A2)
2 = A1 +A2 ⇒ A1A2 +A2A1 = O.

Left and right multiplications by A1 yield A1A2 +A1A2A1 = A1A2A1 +A2A1 ⇒ A1A2 = A2A1 = O.

(⇐) Suppose A1A2 = 0. Find the Mgf of Q1 and Q2:

ψQ1,Q2
(t1, t2) = E(et1Q1+t2Q2) =

∫
(2π)−p/2 exp

[
−1

2
y′(I − 2t1A1 − 2t2A2)y

]
dy

=
1

|I − 2t1A1 − 2t2A2|1/2

=
1

|I − 2t1A1|
1
2

1

|I − 2t2A2|
1
2

∵ A1A2 = O

= ψQ1(t1)ψQ2(t2),

meaning that Q1 ⊥ Q2.

• If y ∼ Np(0,Σ), Ai is symmetric and Qi = y′Aiy ∼ χ2
ri for i = 1, 2. Then Q1 ⊥ Q2 ⇔ A1ΣA2 = O.

Proof 1 : Same process as the above: (⇒) Q1 ⊥ Q2 ⇒ (A1 +A2)Σ is idempotent by above, that is,

(A1 +A2)Σ(A1 +A2) = A1 +A2 ⇒ A1ΣA2 +A2ΣA1 = O ⇒ A1ΣA2 = A2ΣA1 = O.

(⇐) Suppose A1ΣA2 = 0, E(et1Q1+t2Q2) = |Σ|− 1
2 |Σ−1−2tA1−2tA2|−

1
2 = |I−2tA1Σ|−

1
2 |I−2tA2Σ|−

1
2 .

Proof 2 : Let x = Σ− 1
2 y ∼ Np(0, Ip), then Qi = x′Σ

1
2A1Σ

1
2x. Hence, by the above theorem,

Q1 ⊥ Q2 ⇔ Σ
1
2A1Σ

1
2Σ

1
2A2Σ

1
2 = O ⇔ A1ΣA2 = O.

• Let y ∼ Np(0, Ip). If Q1 −Q2 ≥ 0 and Qi = y′Aiy ∼ χ2
ri for i = 1, 2 then

Q1 −Q2 ⊥⊥ Q2, Q1 −Q2 ∼ χ2
r1−r2 .

Proof : Since Q1 −Q2 = y′(A1 −A2)y ≥ 0, ∀y ∈ Rp, take z ∈ N(A1) to obtain

0 ≤ z′(A1 −A2)z = −z′A2z ≤ 0 ∵ A2 ⪰ O

so that z′A2z = z′A2
2z = ∥A2z∥2 = 0 ⇒ A2z = 0 ⇒ z ∈ N(A2). So we have N(A1) ⊆ N(A2).

Specifically, (Ip −A1)y ∈ N(A1) since A1(Ip −A1)y = (A1 −A2
1)y = 0. It follows that

A2(Ip −A1)y = 0, ∀y ⇒ A2 −A2A1 = O and A2 −A1A2 = O ∵ A′
1 = A1, A

′
2 = A2.
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Using the equation to get (A1 −A2)A2 = A1A2 −A2
2 = A1A2 −A2 = O ⇒ Q1 −Q2 ⊥⊥ Q2 and

(A1 −A2)
2 = A1 −A1A2 −A2A1 +A2 = A1 −A2,

rank(A1 −A2) = tr(A1 −A2) = tr(A1)− tr(A2) = r1 − r2,

which shows Q1 −Q2 ∼ χ2
r1−r2(0).

• If y ∼ Np(m, Ip) and A is idempotent of rank k. Then (y − a)′A(y − a) ∼ χ2
k((m− a)′A(m− a)).

Proof : Let z = y − a, then z ∼ Np(m− a, Ip). By the spectral decomposition, we obtain

A = TΛT′ = T1T
′
1,

where T is orthogonal, T1 has k column eigenvectors corresponding to eigenvalues 1 (AT1 = T1), and
T2 consists of p− k column eigenvectors corresponding to eigenvalues 0 (AT2 = O). Then

z′Az = (T′
1z)

′T′
1z ∼ χ2

k(∥T′
1(m− a)∥2) ∼ χ2

k((m− a)′A(m− a))

since T′
1z ∼ Nk(T

′
1(m− a), Ik) and ∥T′

1(m− a)∥2 = (m− a)′A(m− a).

• Important! In general, what if y ∼ Np(µ,Σ)? We can write

Q = y′Ay = y′Σ−1/2T (T ′Σ1/2AΣ1/2T )T ′Σ−1/2y,

where T is orthogonal such that T ′(Σ1/2AΣ1/2)T = D = (λ1, . . . , λp) by spectral decomposition
of Σ1/2AΣ1/2. Note that rank(D) = rank(Σ1/2AΣ1/2) = rank(A). Further let z = T ′Σ−1/2y ∼
Np(T

′Σ−1/2µ, Ip), so that

Q = z′Dz =

p∑
i=1

λiz
2
i , where zi ∼ N(t′iΣ

−1/2µ, 1) ⇒ z2i ∼ χ2
1

(
(t′iΣ

−1/2µ)2 = µ′
)
.

Hence, Q = y′Ay is a weighted linear combination of independent noncentral χ2 r.v.s with one degree
of freedom and noncentrality parameters θi = (t′iΣ

−1/2µ)2.

The weights are non-zero eigenvalues of Σ1/2AΣ1/2, or equivalently, eigenvalues of AΣ or ΣA because

|Σ1/2AΣ1/2 − λIp| = |Σ1/2||AΣ− λIp||Σ−1/2| = |AΣ− λIp| = |ΣA− λIp|.

• Ex.1: Special case: When A = Σ−1, then Σ1/2AΣ1/2 = Ip, so that D = Ip and Q = z′z ∼ χ2
p(θ), where

θ = µ′Σ−1/2

(
p∑

i=1

tit
′
i

)
Σ−1/2µ = µ′Σ−1µ.

• Ex.2: Common case: When Σ = Ip and A is idempotent with rank(A) = r ≤ p, then

Q =

r∑
i=1

z2i ∼ χ2
r(θ), where z2i ∼ χ2

1(θi = µ′tit
′
iµ)

with the noncentral parameter

θ =

p∑
i=1

θi =

r∑
i=1

µ′tit
′
iµ = µ′

(
r∑

i=1

tit
′
i

)
µ = µ′Aµ.

• Ex.3: When Σ1/2AΣ1/2 is idempotent, or equivalently AΣ is idempotent, in other word, AΣA = A
with rank(AΣ) = r ≤ p, then D = Ir so that

Q =

r∑
i=1

z2i ∼ χ2
r(θ), where z2i ∼ χ2

1(θi = µ′Σ−1/2tit
′
iΣ

−1/2µ)
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with the noncentral parameter

θ =

p∑
i=1

θi =

r∑
i=1

µ′Σ−1/2tit
′
iΣ

−1/2µ = µ′Σ−1/2

(
r∑

i=1

tit
′
i

)
Σ−1/2µ = µ′Aµ.

22 Non-central chi-square distribution

• Define: Let Xi
ind∼ N(µi, 1), i = 1, . . . , n and µ = (µ1, . . . , µn)

′, then Y =
∑n

i=1X
2
i is said to have a

noncentral χ2 distribution with n degrees of freedom and non-centrality parameter δ =
∑n

i=1 µ
2
i = ∥µ∥2,

or Y ∼ χ2
n(∥µ∥2). Why does the distribution of Y depend only on n and ∥µ∥2.

• This Y can be expressed as the sum of a noncentral χ2 with 1 df and a central χ2 with n− 1 dfs.

Proof : Let a1 = µ/∥µ∥ so that a′1a1 = (µ′µ)/∥µ∥2 = 1. Construct A with linearly independent rows:

A =


a′1
a′2
...
a′n

 s.t. A′A = AA′ = In (a′iaj = δij).

Then we have

W = AX ∼ Nn

((
∥µ∥
0

)
, In

)
as a′1µ = ∥µ∥, a′iµ = a′i(a1∥µ∥) = 0, i = 2, . . . , n, and Cov(W ) = ACov(X)A′ = AA′ = In. Hence,

Y =

n∑
i=1

X2
i = X ′X = X ′A′AX =W ′W =W 2

1 +

n∑
i=2

W 2
i ,

where W1 ∼ N(∥µ∥, 1) ⇒W 2
1 ∼ χ2

1(∥µ∥2) and Wi ∼ N(0, 1), i > 1 ⇒
∑n

i=2W
2
i ∼ χ2

n−1(0).

• Let δ = ∥µ∥2, then the mean of Y is

E(Y ) = E(W 2
1 ) + E

(
n∑

i=2

W 2
i

)
= (δ + 1) + n− 1 = n+ δ,

var(Y ) = var(W 2
1 ) + var

(
n∑

i=2

W 2
i

)
= [E(W 4

1 )− E(W 2
1 )

2] + 2(n− 1)

= [(δ2 + 6δ + 3)− (δ + 1)2] + 2n− 2 = 2n+ 4δ.

since E(X2) = µ2 + σ2 and E(X4) = µ4 + 6µ2σ2 + 3σ4 if X ∼ N(µ, σ2).

• The pdf of Y is given by

fY (y;n, δ) =

∞∑
i=0

e−δ/2(δ/2)i

i!
fXn+2i(y), Xn+2i ∼ χ2

n+2i(0),

which is a Poisson-weighted mixture of chi-square distributions (See 250A HW).

• (HW8 in 250B). Equivalently, we say that, if V | K ∼ χ2
p+2k(0) and K ∼ Pois(α′α/2), then V ∼

χ2
p(α

′α). In addition, if U ∼ Np(α, I)p, then since U ′U ∼ χ2
p(α

′α)

E

(
1

U ′U

)
= E

[
E

(
1

U ′U

∣∣∣K)] = E

(
1

p+ 2K − 2

)
.

18



• The MGF is given by

MY (t) = exp

(
δt

1− 2t

)
1

(1− 2t)n/2
, t <

1

2
.

Using ψ(t) = logMY (t) = δt/(1− 2t)− (n/2) log(1− 2t), the mean and variance are

E(Y ) = ψ′(0) =
δ

(1− 2t)2
+

n

1− 2t

∣∣∣
t=0

= n+ δ,

Var(Y ) = ψ′′(0) =
4δ

(1− 2t)3
+

2n

(1− 2t)2

∣∣∣
t=0

= 2n+ 4δ.

23 Non-central T distribution

• Suppose X ∼ N(θ, 1), V ∼ χ2
ν(0), and X ⊥⊥ V , then T = X/

√
V/ν has a noncentral t distribution

with noncentrality parameter θ, T ∼ tν(θ). The pdf of T is complicated. Mgf pf T does not exist.

• Using the above expression, the mean of T is

E(T ) = E(X)
√
νE(V −1/2) = θ

√
ν

2

Γ((ν − 1)/2)

Γ(ν/2)
, ν > 1;

otherwise, it does not exist.

• Example 1: Let Xi ∼ N(µ, σ2) and S2 =
∑n

i=1(xi − x)2/(n− 1). What is the dist. of
√
n(X − a)/S?

√
n(X − a)

σ
∼ N

(√
n(µ− a)

σ
, 1

)
,

(n− 1)S2

σ2
∼ χ2

n−1(0).

It follows that

T =

√
n(X − a)/σ√

(n− 1)S2/(σ2(n− 1))
=

√
n(X − a)

S
∼ tn−1

(
θ =

√
n(µ− a)

σ

)
.

• Example 2: Let Yi
iid∼ N(µ, σ2), i = 1, 2, 3, 4. Find k such that

T = k
(Y − µ0)√

(y1 − y2)2 + (y1 + y2 − 2y3)2/3 + (y1 + y2 + y3 − 3y4)2/6

has a noncentral density. Note that n = 4. Since Y ∼ N(µ, σ2/4)

X =
2(Y − µ0)

σ
∼ N

(
θ =

2(µ− µ0)

σ
, 1

)
.

Want to have the quadratic form for the denominator. Suppose

A =

 1 −1 0 0

1/
√
3 1/

√
3 −2/

√
3 0

1/
√
6 1/

√
6 1/

√
6 −3/

√
6

 ∈ R3×4

Then

W = Ay =

 y1 − y2
(y1 + y2 − 2y3)/

√
3

(y1 + y2 + y3 − 3y4)/
√
6

 ∼ N3(Aµ = 0, σ2AA′ = 2σ2I3),

so that we have W ′W/(2σ2) ∼ χ2
3(0). Therefore,

T =
X√

W ′W/(2σ2 × 3)
=

2
√
6(Y − µ0)√
W ′W

∼ t3(θ) ⇒ k = 2
√
6.
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• Let (Xi, Yi), i = 1, . . . , n be a random sample from the bivariate normal distribution with parameters
m1, m2, v

2
1 , v

2
2 , and correlation r. If d is a fixed constant, find a constant k so that

T =
k(X − Y − d)√∑n

i=1(Xi − Yi −X + Y )2
.

Proof : Let Zi = Xi − Yi, Z = X − Y and A = (1 − 1). Then

Zi = A

(
Xi

Yi

)
∼ N

(
Am = m1 −m2,AΣA′ = ν2

)
,

where ν2 = ν21 − 2rν1ν2 + ν22 . It follows that

W :=

√
n(Z − d)

ν
∼ N

(√
n(m1 −m2 − d)

ν
, 1

)
, V :=

∑n
i=1(Zi − Z)2

ν2
∼ χ2

n−1(0)

Since Z ⊥
∑n

i=1(Zi − Z)2 and hence W ⊥ V even though r ̸= 0. Thus,

W√
V

n−1

=

√
n(Z − d)/ν√∑n
i=1(Zi−Z)2/ν2

n−1

=

√
n(n− 1)(Z − d)

{
∑n

i=1(Zi − Z)2}1/2
∼ tn−1

(√
n(m1 −m2 − d)

ν

)
,

which is equivalent to T if k =
√
n(n− 1).

24 Non-central F distribution

• Suppose X ∼ χ2
n(θ), Y ∼ χ2

m(0), and V ⊥⊥W , then F = (X/n)/(Y/m) has a noncentral F distribution
with noncentrality parameter θ, F ∼ Fn,m(θ). The pdf of F is complicated. Mgf of F does not exist.

• Using the above expression, the mean of T is

E(F ) =
m

n
E(X)E(V −1) =

m

n

n+ θ

m− 2
, m > 2;

otherwise, it does not exist. Also, the variance of F is

Var(F ) =
(m
n

)2
Var

(
X

Y

)
=
(m
n

)2 [
E(X2)E(Y −2)− E(X)2E(Y −1)2

]
=
(m
n

)2 [2n+ 4θ + (n+ θ)2

(m− 2)(m− 4)
− (n+ θ)2

(m− 2)2

]
= 2

(n+ 2θ)(m− 2) + (n+ θ)2

(m− 2)2(m− 4)

(m
n

)2
, m > 4.

• (Final) Let x1 = (1, 1, 1, 1, 1)′ and x2 = (1, 1, 0, 0, 0)′, θ = (6, 6, 2, 2, 2)′, and Y ∼ N5(θ, I5). Let

V = L(x1, x2) and let Ŷ be the orthogonal projection of Y onto V . Find a constant K so that

F =
K∥Ŷ ∥2

∥Y − Ŷ ∥2
.

Solution: We have ∥Ŷ ∥ = Y ′PY ∼ χ2
2(θ

′Pθ) and ∥Y − Ŷ ∥2 = Y ′QY ∼ χ2
3(θ

′Qθ). Since PV θ = θ (need
to calculate), θ′Pθ = ∥θ∥2 = 84 and θ′Qθ = 0. Hence, F ∼ F2,3(84) with K = 1.5.
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25 Independence theorem and lemma

• Let yp ∼ Np(0, Ip), u = Ay and v = By. If Cov(u, v) = AB′ = O, then u ⊥⊥ v and u′u ⊥⊥ v′v.

• Further let

A =

(
A1

A2

)
∈ Rk×p, B =

(
B1

B2

)
∈ Rl×p

and A1 ∈ Rk1×p and B1 ∈ Rl1×p have linearly independent rows. Then

C =

(
A1

B1

)
∈ R(k1+l1)×p

is of full row rank since

C ′x = (A′
1 | B′

1)

(
xk1

xl1

)
= 0 ⇒ A′

1xk1
= B′

1xl1 = 0 ⇒ x = 0.

• Craig’s theorem: If y ∼ Np(0,Σ) and Qi = y′Aiy. Then Qi ⊥ Qj ⇔ AiΣAj = O.

Proof : ⇐ is derived from joint mgf of Qi and Qj , i.e., E(et1Q1+t2Q2). The other direction is difficult.

– This also holds in the general case: y ∼ Np(m,Σ) (see HW5).

– Especially, if Σ = I, then Qi ⊥ Qj ⇔ AiAj = O.

• Loynes’ lemma. If M2 = M = M′, P = P′ ⪰ O, and I−M−P ⪰ O, then MP = PM = O.

Proof : Let x ∈ Rn and y = Mx then y′y = y′Mx = y′MMx = y′My. By assumption,

0 ≤ y′(I−M−P)y = −y′Py ≤ 0 ∵ P ⪰ O.

Hence, y′Py = 0 ⇒ ∥Py∥ = 0 ⇒ Py = PMx = 0 for ∀x ⇒ PM = O and (PM)′ = MP = O.

• Marsaglia-Garaybill’s Lemma. If D1,D2, . . . ,Dq are symmetric n× n matrices, then any of two
of the following statements imply the third:

(i) D1,D2, . . . ,Dq are idempotent;

(ii) DiDj = O, ∀i ̸= j.

(iii) D = D1 +D2 + · · ·+Dq is idempotent;

Proof :

– (i) + (ii) → (iii): D2 = (
∑q

i=1 Di)
2
=
∑q

i=1 D
2
i +

∑
i ̸=j DiDj =

∑q
i=1 Di = D.

– (i) + (iii) → (ii): Consider

I−Di −Dj = (I−D) + (D−Di −Dj).

I−D ⪰ O by (iii) andD−Di−Dj =
∑

k ̸=i,j Dk ⪰ O by (i), so that I−Di−Dj ⪰ O ⇒ DiDj = O
by Loynes’ lemma.

– (ii) + (iii) → (i): Let Dix = λix for x ̸= 0. If λ ̸= 0, then, by (ii),

Dx =
DDix

λi
=

D2
ix

λi
= Dix,

which implies that Di has the same nonzero eigenvalues of D. By (iii), λi = 1.

• Cochran’s theorem. Let y ∼ Np(0, Ip) and y′y =
∑k

i=1Qi =
∑k

i=1 y
′Aiy, where rank(Ai) = ri,

i = 1, . . . , k. Then the following statements are equivalent:
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(i) Qi ⊥ Qj for 1 ≤ i ̸= j ≤ k;

(ii) Qi ∼ χ2
ri(0), i = 1, . . . , k;

(iii)
∑k

i=1 ri = p.

Proof :

– (i) → (ii): Qi ⊥ Qj ⇒ AiAj = O by Craig, and I =
∑k

i=1 Ai is idempotent. By MG lemma,
Ai is idempotent, so that Qi ∼ χ2

ri(0).

(Another solution) Qi ⊥ Qj ⇒ Q1 ⊥ Q2 + · · · + Qk ⇒ A1(A2 + · · · + Ak) = O by Craig
⇒ A1(I−A1) = O ⇒ A1 is idempotent.

– (ii) → (iii): Since I =
∑k

i=1 Ak, and Ai is idempotent,

k∑
i=1

ri =

k∑
i=1

tr(Ai) = tr

(
k∑

i=1

Ai

)
= tr(Ip) = p.

– (iii) → (i): Let α1, . . . , αri be eigenvalues of Ai and T be an orthogonal matrix such that T′AiT =
diag(α1, . . . , αri , 0, . . . 0) by the spectral decomposition. Then we can write

I = T′T = T′AiT+T′A(−i)T,

where A(−i) =
∑k

j ̸=i Aj , meaning that T′A(−i)T also has to be orthogonal. Suppose T′A(−i)T =
diag(β1, . . . , βp). Then

I = diag(α1 + β1, . . . , αri + βr1 , βri+1, . . . , βp)

yields βri+1 = · · · = βp = 1. Hence, rank(T′A(−i)T) ≥ p− ri. However,

rank(T′A(−i)T) = rank(A(−i)) = rank

 k∑
j ̸=i

Aj

 ≤
k∑

j ̸=i

rank(Aj) = p− ri.

leading to rank(T′A(−i)T) = p − ri ⇒ β1 = · · · = βri = 0 ⇒ α1 = · · · = αri = 1 ⇒ Ai

is (symmetric and) idempotent for i = 1, . . . , k. This result and the fact that I =
∑k

i=1 Ai is
idempotent follow AiAj = O by MG lemma and hence Qi ⊥⊥ Qj by Craig’s theorem if Σ = I.

26 Orthogonal Projection

• Let Ω ⊆ V = Rn. Any y ∈ V can be written uniquely as y = u+ v, where u ∈ Ω, v ∈ Ω⊥.

Proof : Suppose dim(Ω) = r. Let {x1, . . . , xr} be an orthogonal basis for Ω. Expand this to an
orthogonal basis for V by adding {xr+1, . . . , xk}. Then y ∈ V is expressed as

y =

r∑
i=1

αixi +

k∑
i=r+1

αixi = u+ v.

If there are u1, u2, v1, v2 such that ui ∈ Ω and vi ∈ Ω⊥, i = 1, 2. Then we have u1 + v1 = u2 + v2 ⇒
u1 − u2 = v2 − v1 ∈ Ω ∩ Ω⊥ = {0} ⇒ u1 = u2 and v1 = v2, which shows the uniqueness.

• Orthogonal projection of y on Ω is u, and then y − u ∈ Ω⊥ (residual). PΩ such that PΩy = u ∈ Ω is
called the orthogonal projection matrix (orthogonal projector) of y on Ω.

– Let PΩy = u ∈ Ω, then y − u = (I−PΩ)y = v ∈ Ω⊥

– Claim: PΩ is unique. Proof : If there are two such matrices PΩ and P̃Ω, then PΩy = u = P̃Ωy ⇒
(PΩ − P̃Ω)y = 0 for ∀y ∈ Rn ⇒ P̃Ω = PΩ.
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• How to find PΩ: Again, let dim(Ω) = r and {x1, . . . , xr, xr+1, . . . , xk} be an orthogonal basis for
V = Rn. WLOG, assume that {x1, . . . , xr} is an orthogonal basis for Ω. Then, if y ∈ V , we can write

y =

r∑
i=1

αixi +

k∑
i=r+1

αixi = u+ v, u ∈ Ω, v ∈ Ω⊥.

If ℓ = 1, . . . , r, then (xℓ, y) = x′ℓy = αℓ. Hence, the orthogonal projection u is given by

u =

r∑
i=1

αixi =

r∑
i=1

(x′iy)xi = (x1, . . . , xr)

x
′
1y
...
x′ry

 = TT ′y = PΩy.

Note that T has orthogonal columns but is not an orthogonal matrix as T is not symmetric.

• Very importantly (again), we can write P = TT ′, where T has orthogonal columns (not symmetric),
i.e., T ′T = Ir. T is not unique as there are an infinite number of orthogonal basis; but, P is unique.

• From above, P is the orthogonal projection matrix if and only if P is symmetric and idempotent.

Proof :(⇒) If P = TT ′, then P is obviously symmetric and idempotent. (⇐) If P is symmetric and
idempotent, P = UΛU ′ = U1U

′
1, where U = (U1 | U2) and U1 has r orthogonal columns.

• Hence, we can write y = PΩy + (Ip − PΩ)y = u+ v, where u ∈ Ω and v ∈ Ω⊥.

• PΩ = X(X′X)−X′ is the orthogonal projector onto Ω = C(X):

– Symmetric: (X(X′X)−X′)′ = X[(X′X)−]′X′ = X[(X′X)′]−X′ = X(X′X)−X′ since AA−A =
A ⇒ A′(A−)′A′ = A′ = A′(A′)−A′ ⇒ (A−)′ = (A′)− if A is symmetric.

– Idempotent: We want to show P2
Ω = PΩ or (X(X′X)−X′)(X(X′X)−X′) = X(X′X)−X′, but we

cannot use the second property of the Moore-Penrose inverse.

Proof : By the property of a g-inverse: AA−A = A,

X′X(X′X)−X′X = X′X ⇒ (X+)′X′X(X′X)−X′X = (X+)′X′X

⇒ (XX+)′X(X′X)−X′X = (XX+)′X

⇒ XX+X(X′X)−X′X = XX+X

⇒ X(X′X)−X′X = X

⇒ X(X′X)−X′X(X′X)−X′ = X(X′X)−X′

⇒ P2
Ω = PΩ.

• If ω is a subspace of Ω (i.e., ω ⊆ Ω), PωPΩ = PΩPω = Pω. Proof : Let y ∈ V , then Pωy ∈ ω ⊆ Ω. Then
PΩ(Pωy) = Pωy ⇒ (PΩPω − Pω)y = 0,∀y, so PΩPω = Pω. Take transpose to get PωPΩ = Pω.

• Consider y = Xβ + ϵ ∈ Rn, where X is not full rank and E(ϵ) = 0 and Cov(ϵ) = σ2In. Then solving

normal equations yields fitted vector θ̂ = Xβ̂ = X(X′X)−X′y = PΩy, which is always UNIQUE even

though X is not full column rank, i.e., (X′X)− and β̂ = (X′X)−X′y (biased) are not unique.

Proof (again): Set PΩ and P̃Ω, where PΩy = u = P̃Ωy ⇒ (PΩ − P̃Ω)y = 0 for ∀y ⇒ PΩ = P̃Ω.

27 Gauss Markov’s Theorem

• Consider E(y) = Xβ = θ ∈ C(X), where X has full column rank and ϵ ∼ Nn(0, σ
2In). If β̂ is an

ordinary least square (OLS) estimate of β, i.e., β̂ = (X′X)−1X′y, then θ̂ = Xβ̂ has the property that

c′Xβ̂ = c′θ̂ is the best linear unbiased estimator (BLUE) of c′Xβ = c′θ, ∀c.
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Proof : Suppose a′y is a linear unbiased estimator of c′θ, i.e., E(a′y) = c′θ. Since E(y) = θ, a′θ = c′θ,

∀θ ⇒ a = c. Then, the difference in variance between a′y and c′θ̂ = c′Xβ̂ = c′X(X ′X)−1X is

Var(a′y)−Var(c′θ̂) = σ2[a′a− c′X(X ′X)−1X] = σ2a′(In − PX)a ⪰ O,

so that Var(a′y) ⪰ Var(c′θ̂), which is minimum variance.

• Similarly, c′β̂ is BLUE for c′β: Suppose a′y is a linear unbiased estimator of c′β, then a′Xβ = c′β,
∀β ⇒ a′X = c′. Then Var(a′y)−Var(c′β̂) = σ2a′a− σ2c′(X ′X)−1c = σ2a′(In − PX)a ⪰ O.

28 Estimability

• Consider y = Xβ + ϵ ∈ Rn, where rank(X) = r < p (not full rank) and Cov(ϵ) = σ2In and β : p× 1.

• In a less-than-full-rank model, β̂ is not unique so that β is not estimable, that is, there is no linear
unbiased estimate for β. Proof can be done by contradiction.

Proof : If there is a linear unbiased estimator for β, we have E(a′iy) = βi, i = 1, . . . , p. Setting
A′ = (a1, . . . , ap) leads to E(Ay) = β ⇒ AXβ = β, ∀β ⇒ AX = Ip. However, p = rank(Ip) =
rank(AX) ≤ rank(X) = r, which contradicts with r < p.

• However θ̂ = ŷ = Xβ̂ is unique, so each element θi of θ = Xβ can be estimated as θ̂i = x′iβ̂.

• Definition: The parametric function a′β is estimable if it has a linear unbiased estimate, b′Y .

• By the discussion in Gauss Markov theorem, a a′β is estimable if there exists a vector b such that
E(b′Y ) = a′β ⇒ b′Xβ = a′β,∀β ⇒ X ′b = a ∈ C(X ′) or a′ = b′X.

• a′β is estimable ⇔ a ∈ C(X ′): a′β = E(b′Y ) = b′Xβ, ∀β, so that a′ = b′X or a = X ′b.

• Theorem: a′β is estimable if and only if a′ = a′(X ′X)−X ′X.

Proof : (⇐) a′(X ′X)−X ′X = a′ ⇒ a = X ′X(X ′X)−a ∈ C(X ′). (⇒) If a′β is estimable, then
a′ = b′X ⇒ a′(X ′X)−X ′X = b′X(X ′X)−X ′X = b′PXX = b′X = a′.

• By the above, Var[a′β] = a′ Var[(X ′X)−X ′y]a = σ2a′[(X ′X)−X ′X(X ′X)−]a = σ2a′(X ′X)−a.

• If a′β is estimable, a′β̂ is unique. Proof a′ = b′X ⇒ a′β = b′Xβ = b′θ. Similarly, a′β̂ = b′Xβ̂ = b′θ̂,
which is unique. By theorem for BLUE, b′θ̂ is the BLUE of b′θ, so that a′β̂ is the BLUE of a′β.

– Since the GLS estimate is simply the OLS for a transformed model, a′β̂W is the BLUE of a′β.
This implies that the OLS estimate a′β̂ is not BLUE in a less-than-full-rank model, although this
is still unbiased. That is E(a′β̂) = E(a′β̂w) = a′β, but var[b′Y ] ≥ var[a′β̂] ≥ var[a′β̂W ].

• a′E(β̂) is an estimable function of β. Proof : a′E(β̂) = a′E[(X ′X)−X ′Y ] = a′(X ′X)−X ′Xβ = c′β,
where c = X ′X(X ′X)−a ∈ C(X ′).

• If a′β̂ is invariant with respect to β̂, a′β is estimable. See HW.

• Suppose that E(Y ) = Xβ and Var(Y ) = σ2In. a′Y is the linear unbiased estimate of E(a′Y ) with
minimum variance iff cov(a′Y, b′Y ) = 0 for all b such that E(b′Y ) = 0 (i.e., b′X = 0′).

Proof : Suppose c′Y = (a + b)′Y . Then E(c′Y ) = c′Xβ = a′Xβ = E(a′Y ) for ∀b s.t. E(b′Y ) = 0.
var(c′Y ) = var(a′Y )+var(b′Y )+cov(a′Y, b′Y ) ≥ var(a′Y )+var(b′Y ) with equality iff cov(a′Y, b′Y ) = 0.

• Example: Consider a one-way ANOVA, yij = µ + τi + ϵij , i = 1, . . . , a (No. of group), j = 1, . . . , ni
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(No. of obs in the ith group). Let n =
∑a

i=1 ni. Then the model can be written as

E(y) = Xβ ∈ Rn

E



y11
...

y1n1

...
ya1
...

yana


=


1n1

1n1
0 · · · 0

1n2 0 1n2 · · · 0
...

...
...

. . . 0
1n1 0 0 · · · 1na


︸ ︷︷ ︸

n×(a+1)


µ
τ1
...
τa


︸ ︷︷ ︸
(a+1)×1

,

where X has less than full rank as rank(X) = a < (a+ 1). Calculate (X ′X)−X ′X:

X ′X =


n n1 · · · na
n1 n1 · · · 0
...

...
. . .

...
na 0 · · · na


︸ ︷︷ ︸

(a+1)×(a+1)

⇒ (X ′X)− =


0 0 · · · 0
0 n−1

1 · · · 0
...

...
. . .

...
0 0 · · · n−1

a

 .

Hence, the condition for c′β to be estimable is c′ = c′(X ′X)−X ′X:

(c0, c1, . . . , ca) = (c0, c1, . . . , ca)


0 0 · · · 0
0 n−1

1 · · · 0
...

...
. . .

...
0 0 · · · n−1

a



n n1 · · · na
n1 n1 · · · 0
...

...
. . .

...
na 0 · · · na


=

(
a∑

i=1

ci, c1, . . . , ca

)
⇒ c0 =

a∑
i=1

ci.

E.g., (0, 1,−1, 0 . . . , 0)β = τ1 − τ2 is estimable, but (1,−1, 0, 0 . . . , 0)β = µ− τ1 is not estimable.

29 Distribution Theory

• Consider y = Xβ + ϵ ∼ Nn(Xβ, σ
2In), where X : n× p, rank(X) = p, and β : p× 1. QX = In − PX .

• β̂ ∼ Np(β, σ
2(X ′X)−1).

• (β̂ − β)′X ′X(β̂ − β)/σ2 ∼ χ2
p(0) by above.

• β̂ ⊥⊥ y − ŷ since Cov(β̂, y − ŷ) = Cov((X ′X)−1X ′y,QXy) = (X ′X)−1X ′(σ2In)Q
′
X = 0.

• β̂ ⊥⊥ S2 = (y − ŷ)′(y − ŷ)/(n− p) = y′QXy/(n− p) by above.

• SSE/σ2 = (n− p)S2/σ2 = y′QXy/σ
2 ∼ χ2

r(0), where r = rank(QX) = n− p.

Proof : y′Q′
Xy = (y −Xβ)′QX(y −Xβ) = ϵ′QXϵ and QX is symmetric and idempotent of rank n− p.

– E(SSE/σ2) = n− p⇒ E(SSE/(n− p)) = σ2.

– Another solution: E(y′Qy) = tr(Qσ2In) + µQµ = σ2(n− p).

• MLE of β coincides with the least square estimate for β: β̂ = (X ′X)−1X ′y.

• MLE of σ2 is σ̂2
MLE = SSE/n = ∥y −Xβ̂∥2/n, which is biased, while σ̂2 = SSE/(n− p) is unbiased.
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• The information matrix is given by

I = −E
(

∂ℓ2

∂θ∂θ′

)
= Var

[
∂ℓ

∂θ

]
=

−E
(

∂ℓ2

∂β∂β′

)
−E

(
∂ℓ2

∂β∂σ2

)
−E

(
∂ℓ2

∂σ2∂β′

)
−E

(
∂ℓ2

(∂σ2)2

)
 =

X ′X

σ2
0

0′
n

2σ4

 ,

which gives us the multivariate Cramer-Rao lower bound for unbiased estimates of (β, σ2), namely,

I−1 =

(
σ2(X ′X)−1 0

0 2σ4/n

)
.

Since Var(β̂) = σ2(X ′X)−1, which attains the lower bound, β̂ is said to be the minimum variance
unbiased estimate (MVUE) of β.

• If columns in X are orthogonal each other, i.e., X = (x1, . . . , xp) and xi ⊥⊥ xj , i ̸= j. Then since
X ′X = diag(x′1x1, . . . , x

′
pxp), the OLS estimate is given by

β̂ = (X ′X)−1X ′Y =

(x′1x1)
−1 O

. . .

O (x′pxp)
−1


x

′
1Y
...

x′pY

 ⇒ β̂j = (x′jxj)
−1x′jY,

meaning that the OLS estimate of βj , β̂j , is unchanged if any of the other βk (k ̸= j) equals zero. Also,

SSE = Y ′Y − Y ′PXY = Y ′Y − β̂′X ′Xβ̂ = Y ′Y −
p∑

j=1

β̂2
j ∥xj∥2,

which implies that if βj = 0, the only change in the SSE is the addition of the term β̂jx
′
jY or β̂j∥xj∥2.

• Example: Suppose xij are standardized so that for j = 1, . . . , p, the sample mean is
∑

i xij = 0 and

the sample variance
∑

i x
2
ij = c. We now show that (1/p)

∑p
j=1 var(β̂j) is minimized when the column

of X are mutually orthogonal.

Proof : Since the first column of X is unity, we have

X ′X =

(
n 0′

0 C

)
⇒ (X ′X)−1 =

(
n−1 0′

0 C−1

)
.

⇒
p∑

j=1

var(β̂j) = tr[Var(β̂)] = σ2 tr[(X ′X)−1] = σ2[tr(C−1) + n−1] = σ2

p∑
j=1

λ−1
j ,

where λ1 = n and λj (j ≥ 2) are eigenvalues of C. tr(C) = c(p − 1) =
∑

j λj gives λj = c. So,
there exists an orthogonal matrix T s.t. C = TΛT ′ = cIp, so that the column of X must be mutually
orthogonal.

30 MLE for Multivariate Normal without vector/matrix deriva-
tive

• Suppose y1, . . . , yn be a random sample from Np(µ, V ).

• Let A =
∑n

i=1(yi − y)(yi − y)′ ≻ O, then log-likelihood is

ℓ(µ, V ) = C − n

2
log |V | − 1

2

n∑
i=1

(yi − µ)′V −1(yi − µ)

= C − n

2
log |V | − 1

2

n∑
i=1

(yi − y)′V −1(yi − y)− 1

2

n∑
i=1

(y − µ)′V −1(y − µ)

≤ C − n

2
log |V | − 1

2
tr(V −1A)
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with equality (maximum) when µ = µ̂ = y.

• Further let λ1, . . . , λn be eigenvalues of A1/2V −1A1/2,

ℓ(µ̂, V ) = C − n

2
log |V | − 1

2
tr(V −1A)

= C +
n

2
log |V −1| − 1

2
tr(V −1A) +

n

2
log |A| − n

2
log |A|

= C̃ − n

2
log |V −1A| − 1

2
tr(V −1A)

= C̃ − n

2
log |A1/2V −1A1/2| − 1

2
tr(A1/2V −1A1/2)

= C̃ − n

2
log

n∏
i=1

λi −
1

2

n∑
i=1

λi

= C̃ − 1

2

n∑
i=1

(n log λi − λi).

Hence ∂ℓ/∂λi = 0 ⇒ λ̂i = n⇒ A1/2V̂ −1A1/2 = nIn ⇒ V̂ −1 = nA−1 ⇒ V̂ = A/n. Note ∂2ℓ/∂λ2i < 0.

31 Generalized Least Square Estimate

• Consider y = Xβ + ϵ, where Cov(ϵ) = σ2V . Let ∗̃ = V −1/2∗, then ỹ = X̃β + ϵ̃ and Cov(ϵ̃) = σ2In, so

β̂W = (X̃ ′X̃)−1X̃ ′ỹ = (X ′V −1X)−1X ′V −1y,

which is said to be the generalized least square (GLS) estimate. If V is diagonal (not identity), then
this can be called weighted least square (WLS) estimate.

• SSE (or RSS, residual sum of squares) is

SSE = (Ỹ − X̃β̂W )′(Ỹ − X̃β̂W ) = (Y −Xβ̂W )′V −1(Y −Xβ̂W )

• Let PX̃ be the orthogonal projection such that PX̃y = X̃β̂W , then

SSE = (Ỹ − X̃β̂W )′(Ỹ − X̃β̂W ) = Ỹ ′(I − PX̃)Ỹ = (Ỹ − X̃β)′(I − PX̃)(Ỹ − X̃β) = ϵ̃(I − PX̃)ϵ̃

⇒ SSE

σ2
=

(Y −Xβ̂W )′V −1(Y −Xβ̂W )

σ2
=
ϵ̃(I − PX̃)ϵ̃

σ2
∼ χ2

n−p(0)

as ϵ̃ ∼ N(0, σ2In) and rank(In − PX̃) = tr(In − PX̃) = n− p.

• If ϵ ∼ Nn(0, σ
2V ), then β̂W ∼ Np(β, σ

2(X ′V −1X)−1)

• Suppose V = diag(ω1, . . . , ωn), where ωi = Var(yi). If ωi depends only on the values of X, then errors
are heteroscedastic.

• (Important) Let β̂ be OLS estimate. β̂W = β̂ ⇔ C(V −1X) = C(X) ⇔ C(V X) = C(X).

Solution: We can write Y = Y1 + Y2, where Y1 ∈ C(X) and Y2 ∈ C(X)⊥. First, since Y1 ∈ C(X), we
write Y1 = Xa, ∃a. Hence,

(X ′V −1X)−1X ′V −1Y1 = (X ′V −1X)−1X ′V −1Xa = a = (X ′X)−1X ′Y1.

Hence, need to show (X ′V −1X)−1X ′V −1Y2 = (X ′X)−1X ′Y2. Since Y2 ∈ C(X)⊥ = N (X ′). we have

(X ′V −1X)−1X ′V −1Y2 = 0 ⇔ X ′V −1Y2 = 0.
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This holds iff Y2 ∈ N (X ′V −1) = C(V −1X)⊥. Thus, C(X)⊥ ⊆ C(V −1X)⊥ ⇔ C(X) ⊇ C(V −1X).
However, by rank(V −1X) = rank(X) and the rank-nullity theorem, C(V −1X) = C(X). Finally,

C(V −1X) = C(X) ⇔ V −1X = XW ⇔ X = V XW ⇔ C(X) = C(V X),

where W is a nonsingular matrix.

32 Add Regressions to a Model

• Assume that E(y) = Xβ, where Var(ϵ) = σ2I and then β̂ = (X ′X)−1X ′y.

• Consider another model G : E(y) = Xβ+Zγ, where the columns of X and Z are linearly independent.

• We can write the model G as

E(y) = (X Z)

(
β

γ

)
=Wδ.

• In a special case, if X ′Z = O, i.e., they have columns that are orthogonal to one each other, then

δ̂G =

(
β̂G
γ̂G

)
= (W ′W )−1W ′y =

(
X ′X O
O Z ′Z

)−1(
X ′

Z ′

)
y =

(
(X ′X)−1X ′y

(Z ′Z)−1Z ′y

)
, ⇒ β̂G = β̂.

• In the general case, let PX = X(X ′X)−1X ′ and QX = I − PX . Then we can write G model as

E(y) = Xβ + PXZγ +QXZγ

= X[β + (X ′X)−1X ′Zγ] +QXZγ

= Xα+QXZγ.

Since XQ′
X = XQX = O, as for the specific case,

α̂ = (X ′X)−1X ′y = β̂G + (X ′X)−1X ′Zγ̂G = β̂G + Lγ̂G,

γ̂G = (Z ′Q′
XQXZ)

−1Z ′QXy = (Z ′QXZ)
−1Z ′QXy =MZ ′QXy,

β̂G = (X ′X)−1X ′(y − Zγ̂G) = β̂ − Lγ̂G,

where L = (X ′X)−1X ′Z and M = (Z ′QXZ)
−1.

Check that Z ′QXZ is nonsingular: Suppose Z ′QXZa = 0. Then

a′Z ′QXZa = ∥QXZa∥ = 0 ⇒ QXZa = 0 ⇒ Za = PXZa = X(X ′X)−1X ′Za ∈ C(X).

However, we have X ⊥⊥ Z ⇒ C(Z) ∩ C(X) = {0}, so that a = 0, meaning that Z ′QXZ is invertible.

• Variance-covariance matrix is a bit complicated.

Var(γ̂G) = σ2MZ ′QXZM = σ2M

Cov(β̂, γ̂G) = Cov((X ′X)−1X ′y,MZ ′QXy) = σ2(X ′X)−1X ′QXZM = O

Var(β̂G) = Var(β̂ − Lγ̂G) = Var(β̂) + LVar(γ̂G)L
′ = σ2[(X ′X)−1 + LML′],

Cov(β̂G, γ̂G) = Cov(β̂ − Lγ̂G, γ̂G) = O − LVar(γ̂G) = −σ2LM.

To summarize,

Cov

(
β̂G
γ̂G

)
= σ2

(
(X ′X)−1 + LML′ −LM

−ML′ M

)
.

We also see that Var(β̂G) = σ2[(X ′X)−1 + LML′] ⪰ σ2(X ′X)−1 = Var(β̂) because

a′LML′a = ∥M1/2L′a∥2 ≥ 0 ⇒ LML′ ⪰ O,

which means that adding regressors does not decrease the variance-covariance of β estimate.
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• Let PW be the orthogonal projection matrix on C(W ).

ŷC(W ) = PW y = Xβ̂G + Zγ̂G

= X(β̂ − Lγ̂G) + Zγ̂G

= PXy +QXZγ̂G ∵ XL = PXZ

= (PX +QXZMZ ′QX)y, ∀y.

It follows that PW = PX +QXZ(Z
′QXZ)

−1Z ′QX .

• Using this, SSE in G model is given by

SSEG = y′(I − PW )y = y′(I − PX −QXZ(Z
′QXZ)

−1Z ′QX)y

= SSE− y′QXZMZ ′QXy ⪯ SSE

since y′QXZMZ ′QXy = ∥M1/2Z ′QXy∥2 ≥ 0 ⇒ QXZMZ ′QX ≻ O, meaning that adding regressors
does not increase SSE.

33 Estimate under Linear Constraints

• Consider y = Xβ + ϵ, where E(ϵ) = 0 and Cov(ϵ) = σ2In. Assume X : n× p and β : p× 1.

• First, suppose rank(X) = p (full column rank).

• Want to estimate β such that Aβ = c, where A : q × p and c : q × 1.

• The first method uses Lagrange multiplier: f(β) = ∥y −Xβ∥2 + λ′(Aβ − c), where λ ∈ Rq.

∂f(β)

∂β
= −2X ′(y −Xβ) +A′λ,

∂f(β)

∂λ
= Aβ − c.

Both derivatives equal to zero gives

β̂H = β̂ − (X ′X)−1A′λ̂H/2 ⇒ Aβ̂H = Aβ̂ −A(X ′X)−1A′λ̂H/2 = c

so that λH/2 = [A(X ′X)−1A′]−1(Aβ̂ − c) and hence

β̂H = β̂ − (X ′X)−1Aλ̂H/2 = β̂ − (X ′X)−1A′[A(X ′X)−1A′]−1(Aβ̂ − c).

• Second approach assumes there exists β0 s.t. Aβ0 = c. Then

ỹ = y −Xβ0 = X(β − β0) + ϵ := Xγ + ϵ.

Let θ = Xγ ∈ C(X) and A1 = A(X ′X)−1X ′. Then

A1θ = A(X ′X)−1X ′Xγ = A(β − β0) = 0 ⇒ θ ∈ N(A1).

Thus, θ = C(X) ∩N(A1) = Ω ∩N(A1) ≡ ω ⊆ Ω. It follows that θ̂ = Pω ỹ.

• Lemma 1: If ω ⊆ Ω, then Pω = PΩ − Pω⊥∩Ω.

Proof : ω ⊆ Ω ⇒ PωPΩ = Pω. So, (Pωy)
′(PΩ − Pω)y = y′Pω(PΩ − Pω)y = 0, leading to

Pω ⊥⊥ PΩ − Pω ⇒ PΩ − Pω = Pω⊥∩Ω.

• Lemma 2: ω⊥∩Ω = C(PΩA
′
1). Proof : Show ω⊥∩Ω ⊆ C(PΩA

′
1) and C(PΩA

′
1) ⊆ ω⊥∩Ω (See earlier).
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• Therefore, the estimate of θ = X(β − β0) is

θ̂H = Pω ỹ = (PΩ − Pω⊥∩Ω)ỹ by lemma 1

= (PΩ − PC(PΩA′
1)
)ỹ by lemma 2

= (PΩ − PΩA
′
1(A1PΩA

′
1)

−1A1PΩ)(y −Xβ0)

= PΩ(y −Xβ0)− PΩA
′
1(A1PΩA

′
1)

−1A1PΩ(y −Xβ0)

= X(β̂ − β0)− PΩA
′
1(A1PΩA

′
1)

−1A1X(β̂ − β0)

= X(β̂ − β0)−X(X ′X)−1A′(A(X ′X)−1A)−1A(β̂ − β0) ∵ PΩA
′
1 = X(X ′X)−1A′

= X(β̂ − β0)−X(X ′X)−1A′(A(X ′X)−1A)−1(Aβ̂ − c).

Since we can write θ̂H = X(β̂H − β0),

Xβ̂H = Xβ̂ −X(X ′X)−1A′(A(X ′X)−1A)−1(Aβ̂ − c)

⇒ β̂H = β̂ − (X ′X)−1A′[A(X ′X)−1A′]−1(Aβ̂ − c) ∵ premultiply by (X ′X)−1X ′

Indeed, Aβ̂H = Aβ̂ − (Aβ̂ − c) = c. We can use (X ′X)−, which is more complicated as shown later.

• var(β̂Hj) ≤ var(β̂j) as

Var(β̂H) = Var[(I − (X ′X)−1A′[A(X ′X)−1A′]−1A)β̂]

= σ2[(X ′X)−1 − (X ′X)−1A′[A(X ′X)−1A′]−1A(X ′X)−1]

⪯ σ2(X ′X)−1 = Var(β̂).

• Show ∥Y − ŶH∥2 = ∥Y − Ŷ ∥2 + ∥Ŷ − ŶH∥2 wisely.

Proof : Need to show (Y − Ŷ )′(Ŷ − ŶH) = 0. Let Pω be the projection matrix onto ω = N(A1) ∩ Ω.

PΩPω = PωPΩ = Pω leads to (Y − Ŷ )′(Ŷ − ŶH) = Y ′(I − PΩ)(PΩ − Pω)Y = 0.

34 Design Matrix of Less-than-full Rank

• Consider the randomized block design with two treatments and two blocks: Yij = µ + αi + γj + ϵij ,
i, j = 1, 2. Then the model is

E(Y ) =


Y11
Y12
Y21
Y22

 =


1 1 0 1 0
1 1 0 0 1
1 0 1 1 0
1 0 1 0 1



µ
α1

α2

γ1
γ2

 = Xβ,

where the columns X are linearly dependent (rank(X) = 3).

• We have two options for X to be of full rank. First, set α2 = 0 and γ2 = 0, i,e, regard them as reference:

E(Y ) =


Y11
Y12
Y21
Y22

 =


1 1 1
1 1 0
1 0 1
1 0 0


 µ
α1

γ1


and the second is that we use two identifiability constraints, Hβ = 0 or

∑
i αi = 0 and

∑
j γj = 0:

(
θ
0

)
=

(
X

H

)
β =


1 1 0 1 0
1 1 0 0 1
1 0 1 1 0
1 0 1 0 1
0 1 1 0 0
0 0 0 1 1




µ
α1

α2

γ1
γ2

 ,
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where the augmented matrix now has linearly independent columns. Thus given θ, β becomes unique,

• Suppose rank(X) = r < p and still Aβ = c ∈ Rq, where A (full row rank) with a′i in rows and c are
known. If each of a′iβ is estimable for i = 1, . . . , q, then ∀mi, such that E(m′

iy) = a′iβ ⇒ m′
iX =

a′i. Hence, we have A = MX, where M = (m1, . . . ,mq)
′ ∈ Rq×n with rank q as q = rank(A) =

rank(MX) ≤ rank(M) ≤ q.

• Recall that we consider E(ỹ) = Xγ = θ ∈ Ω = C(X). Then Mθ = MXγ = A(β − β0) = 0, so

that θ ∈ N(M) ∩ Ω := ω ⊆ Ω. Using this, we form Xγ̂H = θ̂H = Pω ỹ = (PΩ − PC(PΩM ′))ỹ. Since
PΩM

′ = X(X ′X)−X ′M ′ = X(X ′X)−A′ and MPΩM
′ = A(X ′X)−A′, we also get the same formula:

X(β̂H − β0) = (PΩ − PC(PΩM ′))ỹ

= (PΩ − PΩM
′(MPΩM

′)−MPΩ)(y −Xβ0)

= (In − PΩM
′(MPΩM

′)−M)(PΩy − PΩXβ0)

= (In − PΩM
′(MPΩM

′)−M)X(β̂ − β0)

= X(β̂ − β0)− PΩM
′(MPΩM

′)−MX(β̂ − β0)

= X(β̂ − β0)−X(X ′X)−A′(A(X ′X)−A′)−A(β̂ − β0)

and similarly to full rank X,

Xβ̂H = Xβ̂ −X(X ′X)−A′(A(X ′X)−A′)−A(β̂ − β0)

⇒ X ′Xβ̂H = X ′Xβ̂ −X ′X(X ′X)−A′(A(X ′X)−A′)−A(β̂ − β0)

⇒ X ′Xβ̂H = X ′Xβ̂ −A′(A(X ′X)−A′)−A(β̂ − β0)

since X ′X(X ′X)−A′ = X ′X(X ′X)−X ′M ′ = X ′PΩM
′ = X ′M ′ = A′.

Moreover, importantly, if Aβ = c, where A is of less than full rank, then β = A−c is a solution (but
not unique) as Aβ = A(A−c) = AA−Aβ = Aβ = c. Using this fact, we also have

β̂H = (X ′X)−X ′Xβ̂ − (X ′X)−A′(A(X ′X)−A′)−A(β̂ − β0)

= (X ′X)−X ′y − (X ′X)−A′(A(X ′X)−A′)−A(β̂ − β0)

= β̂ − (X ′X)−A′(A(X ′X)−A′)−(Aβ̂ − c).

• Claim that A(X ′X)−A′ is invertible (nonsingular), i.e., [A(X ′X)−A′]− = [A(X ′X)−A′]−1. Since
A(X ′X)−A′ =MPΩM

′ =MPΩPΩM
′, enough to show PΩM

′ has full column rank (rank(PΩM
′) = q).

Lemma 3: PΩM
′ has full column rank ⇔ Ω⊥ ∩ C(M ′) = {0}. Proof :

– (⇒) Suppose rank(PΩM
′) = q and set z ∈ Ω⊥ ∩ C(M ′). First z ∈ C(M ′) leads to z = M ′a, ∃a.

Further, since z ∈ Ω⊥ = C(X)⊥ = N(X ′), 0 = X ′z = X ′M ′a = A′a⇒ a = 0 since A has full row
rank. Hence z = 0 ⇒ Ω⊥ ∩ C(M ′) = {0}.

– (⇐) Show the contraposition: rank(PΩM
′) < q ⇒ Ω⊥ ∩C(M ′) ̸= {0}. Suppose rank(PΩM

′) < q.
For ∃α ∈ Rq\{0} s.t.

∑q
i=1 αi(PΩmi) = PΩ

∑q
i=1 αimi = 0, so that

∑q
i=1 αimi ∈ Ω⊥∩C(M ′)\{0}.

In conclusion, if Ω⊥ ∩ C(M ′) = {0} or equivalently, rank(PΩM
′) = q (full column rank), A(X ′X)−A′

is invertible, so that Aβ̂H = Aβ̂ −A(β̂ − β0) = c even if X has less than full column rank.

35 Hypothesis Testing under Linear Constraints

• Go back to the condition where X has full column rank and then the constrained estimate of β is

β̂H = β̂ − (X ′X)−1A′[A(X ′X)−1A′]−1(Aβ̂ − c). (*)
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• Want to test H : Aβ = c vs HA : Aβ ̸= c, where A (full row rank) and c are known.

• Under H, the sum of square errors is given by

SSEH = ∥y −Xβ̂H∥2 = ∥y −Xβ̂ +Xβ̂ −Xβ̂H∥2 = SSE + (β̂H − β̂)′X ′X(β̂H − β̂)

Substituting (*) into β̂H provides

SSEH − SSE = ∥Ŷ − ŶH∥2 = (Aβ̂ − c)′[A(X ′X)−1A′]−1(Aβ̂ − c).

Here β̂ ∼ Np(β, σ
2(X ′X)−1) ⇒ Aβ̂ − c ∼ Nq(0, σ

2A(X ′X)−1A′) under H0, leading to

SSEH − SSE

σ2
= (Aβ̂ − c)′[σ2A(X ′X)−1A′]−1(Aβ̂ − c) ∼ χ2

q(0).

• Note that without restrictions, what is the expectation of the difference in SSE? We have

Aβ̂ − c ∼ Np(Aβ − c, σ2A(X ′X)−1A).

Hence, let Z = Aβ̂ − c and B = A(X ′X)−1A,

E[SSEH − SSE] = E[Z ′B−1Z)] = tr(B−1(σ2B)) + (Aβ − c)′B−1(Aβ − c)

= σ2q + (Aβ − c)′[A(X ′X)−1A]−1(Aβ − c)

= σ2q + (SSEH − SSE)β̂=β .

implying that without restriction (SSEH − SSE)/σ2 ∼ χ2
q(δ), where δ = (Aβ − c)′B−1(Aβ − c).

• We also have SSE/σ2 = y′Qxy/σ
2 ∼ χ2

n−p(0). Therefore, the F statistic for testing H0 is

F =
(SSEH − SSE)/q

SSE/(n− p)
=
n− p

q

SSEH − SSE

SSE
∼ Fq,n−p(0) under H0.

This is not enough! Need to show SSEH − SSE ⊥⊥ SSE.

Proof : Since X ′QX = X ′(In − PX) = O, X ′y ⊥⊥ QXy by Craig’s theorem, leading to

X ′y ⊥⊥ QXy ⇒ (X ′X)−1X ′y ⊥⊥ y′QXy ⇒ β̂ ⊥⊥ SSE ⇒ SSEH − SSE ⊥⊥ SSE

as SSEH − SSE is a function of β̂.

• Let S2
H = (SSEH − SSE)/q and S2 = SSE/(n − p). From above, E[S2

H ] = σ2 + δ, where δ ≥ 0 as
A(X ′X)−1A ≻ O and E(S2) = σ2. When H : Aβ = c is true, δ = 0 so that E(S2

H) is also unbiased for
σ2, that is, F = S2

H/S
2 ≈ 1. When H is false, δ > 0 and by E(S2

H) > E(S2) and S2
H ⊥⊥ S,

E(F ) = E

[
S2
H

S2

]
= E[S2

H ]E

[
1

S2

]
>
E[S2

H ]

E[S2]
> 1.

Thus, we reject H if F is significantly large (Λ is small).

• Exercise: If H : Aβ = c is true,

F =
n− p

q

SSEH − SSE

SSE
=
n− p

q

ϵ′(P − PH)ϵ

ϵ′(In − P )ϵ
,

where PH = P −X(X ′X)−1A′B−1A(X ′X)−1X ′ is symmetric and idempotent.

Proof : The denominator is obvious. Show that SSEH − SSE = ∥Ŷ − ŶH∥2 = ϵ′(P − PH)ϵ. We have

SSEH − SSE = (Aβ̂ − c)′[A(X ′X)−1A′]−1(Aβ̂ − c)

= (β̂ − β)′A′[A(X ′X)−1A′]−1A(β̂ − β)

= (Y −Xβ)′X(X ′X)−1A′B−1A(X ′X)−1X ′(Y −Xβ)

= ϵ′(P − PH)ϵ.
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• Example (The Straight Line). Let Yi = β0 + β1xi + ϵi, i = 1, . . . , n or E(Y ) = Xβ, where X = (1, x)
and β = (β0, β1). Then we have

X ′X =

(
n 1′x
1′x x′x

)
=

(
n nx
nx

∑
i x

2
i

)
⇒ (X ′X)−1 =

1

n
∑

i(xi − x)2

(∑
i x

2
i −nx

−nx n

)
=

1∑
i(xi − x)2

(
1
n

∑
i x

2
i −x

−x 1

)
and so β̂0 = Y − β̂1x and β̂1 =

∑
i(Yi−Y )(xi−x)/

∑
i(xi−x)2. Note that since Var(β̂) = σ2(X ′X)−1,

the correlation coefficient of β̂0 and β̂1, ρ, is

ρ =
cov(β̂0, β̂1)√
var(β̂0) var(β̂1)

=
−nx√
n
∑

i x
2
i

.

F statistics for testing

– H : β1 = c is

F =
(Aβ̂ − c)′[A(X ′X)−1A′]−1(Aβ̂ − c)/q

SSE/(n− 2)
=

(β̂1 − c)2

S2/
∑

i(xi − x)2
∼ F1,n−2.

– H : β0 = c is

F =
(β̂0 − c)2

S2
∑

i x
2
i / [n

∑
i(xi − x)2]

∼ F1,n−2.

Also, the fitted value is given by Ŷi = β̂0 + β̂1xi = Y + β̂1(xi − x) and hence

SSE =
∑
i

(Yi − Ŷi)
2 =

∑
i

[
Yi − Y − β̂1(xi − x)

]
=
∑
i

(Yi − Y )2 − 2β̂1
∑
i

(Yi − Y )(xi − x) + β̂2
1

∑
i

(xi − x)2

=
∑
i

(Yi − Y )2 − β̂2
1

∑
i

(xi − x)2

=
∑
i

(Yi − Y )2 −
∑
i

(Ŷi − Y )2.

so that
∑

i(Yi − Y )2 =
∑

i(Yi − Ŷi)
2 +

∑
i(Ŷi − Y )2 =

∑
i(Yi − Ŷi)

2 + r2
∑

i(Yi − Y )2, where

r2 =
SSReg

SSTO
=

∑
i(Ŷi − Y )2∑
i(Yi − Y )2

=
β̂2
1

∑
i(xi − x)2∑

i(Yi − Y )2
=

[∑
i(Yi − Y ))(xi − x)

]2∑
i(Yi − Y )2

∑
i(xi − x)2

,

which is the square of the sample correlation between Y and x. We can write

(1− r2)
∑
i

(Yi − Y )2 =
∑
i

(Yi − Ŷi)
2 = SSE.

Using SSE and r, the F statistic for testing

– H : β1 = 0 is

F =
β̂2
1

∑
i(xi − x)2

SSE/(n− 2)
=
β̂2
1

∑
i(xi − x)2(n− 2)

(1− r2)
∑

i(Yi − Y )2
=
r2(n− 2)

1− r2
.

– H : β0 = 0 is

F =
nβ̂2

0

∑
i(xi − x)2∑

i x
2
iSSE/(n− 2)

=
nY

2∑
i(xi − x)2

(1− r2)
∑

i(Yi − Y )2
∑

i x
2
i

.

33



36 Exercise under Linear Constraints (1)

• Consider the standard linear model: y = Xβ + ϵ ∈ Rn, where X : n× p, β : p× 1 and ϵ ∼ Nn(0, σ
2In).

• Here, set n = 10 and p = 3 and suppose X has orthonormal columns.

• We also have X ′y = (1, 2, 3)′ and y′y = 20.

• Set H : Aβ = c ∈ Rq, in particular, β1 + β2 + β3 = 2 (q = 1) ⇒ A = (1, 1, 1) and c = 2.

• (a) Find β̂H . First β̂ = (X ′X)−1X ′y = I3(1, 2, 3) = (1, 2, 3). Hence,

β̂H = β̂ − (X ′X)−1A′[A(X ′X)−1A′]−1(Aβ̂ − c)

=

1
2
3

− 4

3

1
1
1

 =
1

3

−1
2
5

 .

• (b) Determine Cov(β̂H).

Cov(β̂H) = Cov[(I3 − (X ′X)−1A′[A(X ′X)−1A′]−1A)β̂]

= Cov[(I3 − 3−11′313)β̂]

= σ2(I3 − 3−11′313)
2 ⪯ σ2I3 = Cov(β̂),

which implies that β̂H is biased but has lower variance than β̂, which is unbiased without this constraint.

• (c) Calculate F test statistics. First, we have PX = X(X ′X)−1X ′ = XX ′ ̸= In and then

SSE = yQy = y′y − y′Py = 20− ∥X ′y∥2 = 20− 14 = 6.

For the numerator,

SSEH − SSE = (Aβ̂ − c)′[A(X ′X)−1A′]−1(Aβ̂ − c) =
16

3
.

Therefore,

F =
(SSEH − SSE)/q

SSE/(n− p)
=

(16/3)/1

6/(10− 3)
=

56

9
= 6.22 ∼ F1,7.

Since F1,7,0.95 = 5.59, we reject H : β1 + β2 + β3 = 2.

37 Exercise under Linear Constraints (2)

• Given Y = θ + ϵ, where ϵ ∼ N4(0, σ
2I4) and 1′4θ = 0, show the F-statistic for testing H : θ1 = θ3.

• First, using the Lagrange multiplier, that is, from f(θ) = ∥Y − θ∥2 − λ(1′θ), we have

Ŷi = θ̂i = Yi − Y ⇔ Ŷ = θ̂ = (I4 − 11′/4)Y

so that the denominator of the F-statistic is

S2 =
SSE

n− p
=

∥Y − Ŷ ∥2

4− 3
= 4Y

2
=

(1′Y )2

4
.

• For the numerator, we have two solutions, but X ′X is 3× 3, so the calculation of A(X ′X)−1A′ would
not be wise. Hence, use the Lagrange multiplier again. Set θ1 = θ3 then

f(θ) = (Y1 − θ1)
2 + (Y2 − θ2)

2 + (Y3 − θ1)
2 + (Y4 − θ4)

2 − λ(2θ1 + θ2 + θ4).
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Solving the above, we have

Ŷ1H = Ŷ3H =
Y1 + Y3

2
− Y , Ŷ2H = Ŷ2, Ŷ4H = Ŷ4.

Then the numarator of the F is

SSEH − SSE

q
=

∥ŶH − Ŷ ∥2

1
= (Ŷ1H − Ŷ1)

2 + (Ŷ3H − Ŷ3)
2 = 2

(
Y1 − Y3

2

)2

=
(Y1 − Y3)

2

2

• Therefore, the F statistic is

F =
(Y1 − Y3)

2/2

(1′Y )2/4
=

2(Y1 − Y3)
2

(Y1 + Y2 + Y3 + Y4)2
∼ F1,1(0).

38 Likelihood Ratio Test

• Let Θ0 and Θ be the null space and the whole space, respectively, and θ̂0 and θ̂ be MLEs of θ for each
space. Then LRT statistic and its asymptotic distribution are

−2 lnΛ = −2 ln
maxθ∈Θ0

f(x|θ)
maxθ∈Θ f(x|θ)

= −2 log
LH0

(θ̂0)

LHA
(θ̂)

D−→ χ2
r(0),

where r = dim(Θ)− dim(Θ0), i.e., difference in the number of parameters.

• If y ∼ Nn(β, σ
2). Then

σ̂2
H =

(y −Xβ̂0)
′(y −Xβ̂0)

n
, σ̂2 =

(y −Xβ̂)′(y −Xβ̂)

n
,

so that

LH0(β̂H , σ̂
2
H) = (2πσ̂2

0)
−n/2e−n/2, LHA

(β̂, σ̂2) = (2πσ̂2)−n/2e−n/2,

leading to

Λ =
LH0

(β̂0, θ̂0)

LHA
(β̂, θ̂)

=

(
σ̂2
0

σ̂2

)−n/2

, −2 log Λ = n(log σ̂2
0 − log σ̂2).

We reject H if Λ < c. Λ is not a convenient test statistic.

• Instead, using this notation, we have

F =
(SSEH − SSE)/q

SSE/(n− p)
=
n− p

q

(
SSEH

SSE
− 1

)
=
n− p

q

(
σ̂2
0

σ̂2
− 1

)
=
n− p

q

(
Λ−2/n − 1

)
.

We reject H when F > Fq,n−p,1−α.

39 Jensen’s Inequality

• The direction of the inequality depends on the sign of f ′′(X). How to remember?

• We know that Var(X) = E(X2) − E(X)2 ≥ 0 ⇒ E(X2) ≥ E(X)2. So if f(x) = x2, then E(f(X)) ≥
f(E(X)). This implies that

f(x) is a convex function (f ′′(x) > 0) ⇒ E(f(X)) ≥ f(E(X))

f(x) is a concave function (f ′′(x) < 0) ⇒ E(f(X)) ≤ f(E(X)).

If f(x) = x−1, x > 0, since f ′′(x) = 2x−3 > 0 (x > 0), E(f(X)) ≥ f(E(X)) ⇒ E(X−1) ≥ (E(X))−1.
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40 Iterative Algorithms

• Consider a model with log-likelihood ℓ(γ). Want to find γ̂, the MLE of γ, by the iterative process.

• Fisher’s method of scoring:

γ(m+1) = γ(m) −
{
E
(

∂2ℓ

∂γ∂γ′

)}−1

γ(m)

(
∂ℓ

∂γ

)
γ(m)

= γ(m) +

{
E
(
∂ℓ

∂γ

∂ℓ

∂γ′

)}−1

γ(m)

(
∂ℓ

∂γ

)
γ(m)

= γ(m) + I(γ(m))−1ℓ′(γ(m)),

i.e., γ is updated by adding the product of the inverse Fisher information and the score function.

• Newton method:

γ(m+1) = γ(m) −
(

∂2ℓ

∂γ∂γ′

)−1

γ(m)

(
∂ℓ

∂γ

)
γ(m)

= γ(m) −H(γ(m))−1ℓ′(γ(m)),

i.e., γ is updated by subtracting the product of the inverse Hessian and the score function.

• Derivation (from 250B HW4): First, find the MLE of θ, say θ̂, such that

u(θ̂) =
∂ℓ(θ̂,y)

∂θ
= 0.

Taylor expansion of u(θ̂) around an initial value θ0 up to the first order gives

u(θ̂) ≈ u(θ0) +
∂u(θ0)

∂θ
(θ̂ − θ0) = u(θ0) +H(θ0)(θ̂ − θ0) = 0 ⇒ θ̂ = θ0 −H−1(θ0)u(θ0).

41 Miscellaneous Exercises

• (Midterm) True or False: For any linear models, it is always true that the sum of residuals equals 0.

Solution. False; the sum of residuals is 1′e = 1′(I − P )Y = 0 only if 1′P = 1′ that is 1n ∈ C(P ).

• (Midterm) True or False. Let S be a n× p matrix and T be a n× q matrix and both have full column
rank. Let PS be the orthogonal projector onto C(S) and assume further that columns in S are linearly
independent of those in T . Then T ′(I − PS)T is nonsingular.

Solution: Let QS = I − PS . For a ∈ Rq, suppose a′T ′QSTa = 0. Since a′T ′QSTa = ∥Q1/2
S Ta∥2,

a′T ′QSTa = 0 ⇔ ∥Q1/2
S Ta∥2 = 0 ⇔ QSTa = 0 ⇔ Ta = S(S′S)−1S′Ta ⇔ a = 0

as S ⊥⊥ T implies C(S) ∩ C(T ) = {0}.

• Given the predictor Ŷ = xβ̂ ∈ R, where X = (1, x1, . . . , xp−1). Show that Ŷ has a minimum variance
of σ2/n at the x point xj = x.j (j = 1, 2, . . . , p− 1).

Solution: We know that Yi = x′iβ, where xi = (1, xi1, . . . , xi,p−1), and Yi = x̃′iβ, where x̃i = (1, xi1 −
x.1, . . . , xi,p−1 − x.,p−1) (after scaling) have the same β̂j , j = 1, . . . , p− 1 with a different β̂0. Then

Var(β̂) = σ2

(
n 0′

0 C

)−1

= σ2

(
1/n 0′

0 C−1

)
⇒ var(Ŷ ) = σ2x′

(
1/n 0′

0 C−1

)
x = σ2

(
1

n
+ v′C−1v

)
≥ σ2

n
∵ C ≻ O

with equality iff v = 0 ⇔ xj = x.j (j = 1, 2, . . . , p− 1).
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• (HW2) Show that ∥x∥ = ∥y∥ iff there exists an orthogonal matrix T such that Tx = y using the
householder transformation matrix H, which is symmetric and orthogonal.

Proof : If Tx = y, then y′y = x′T ′Tx = x′x⇒ ∥x∥ = ∥y∥ since L2 norm is always positive.

If ∥x∥ = ∥y∥, then ∥x∥e1 = ∥y∥e1 ⇒ H1x = H2y ⇒ H2H1x = y, where T = H2H1 is orthogonal.

• (HW4) Let X1, . . . , Xn1
and Y1, . . . , Yn2

be independent random samples from N(µ1, v
2
1) and N(µ2, v

2
2),

and let S2
1 and S2

2 denote the sample variances. Then what is the distribution of

k(X1 +X2)

|Y1 − Y2|
and

k[(X1 − c)2 + (X2 − c)2]

S2
2

.

Solution: First, X1 ⊥ X2 and Y1 ⊥ Y2 follow

X1 +X2√
2ν1

∼ N

(√
2µ1

ν1
, 1

)
,

Y1 − Y2√
2ν2

∼ N(0, 1) ⇒ (Y1 − Y2)
2

2ν22
∼ χ2

1(0),

respectively. Further, since (X1 +X2) ⊥ (Y1 − Y2), we have

(X1 +X2)/(
√
2ν1)√

(Y1 − Y2)2/(2ν22)
=
ν2
ν1

X1 +X2

|Y1 − Y2|
∼ t1

(√
2µ1

ν1

)
,

which is the given statistic if k = ν2/ν1. Secondly, X1 ⊥ X2 leads to

(Xi − c)2

ν21
∼ χ2

1

((
µ1 − c

ν1

)2
)

⇒ (X1 − c)2 + (X2 − c)2

ν21
∼ χ2

2

(
2

(
µ1 − c

ν1

)2
)

and we know (n2 − 1)S2
2/ν

2
2 ∼ χ2

n2−1(0). Since Xi ⊥⊥ S2
2 that is a function of Yi,

[(X1−c)2+(X2−c)2]/ν2
1

2
(n2−1)S2

2/ν
2
2

n2−1

=
ν22
2ν21

(X1 − c)2 + (X2 − c)2

S2
2

∼ F2,n2−1

(
2

(
µ1 − c

ν1

)2
)
,

which is the given statistic if k = ν22/(2ν
2
1).
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