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1 Span

e Given a vector space V over a field K, the span of S C V can be defined as the set of all finite linear
combinations of elements of S

k
span(S) = {Z ANivi | vi €S, \ € K} ,
i=1
which is a subspace of V. Clearly, S C span(S). We say S spans V.
2 Basis
e If x can be expressed as a linear combination: x = Z?:l a;v;, then {vy,...,v,} is called a basis. A

basis is not unique. For example, the following both are a basis of V' = R3.

1 0 0 3 0 0
of,11],10 , 01,141,10
0 0 1 0 0 1
o If z1,..., 2, (k < n) are linearly independent vectors, then they can be extended to form a basis for

the n-dimensional vector space of V.

3 Subspace

e If S and T are subspaces of V, then S NT (intersection) and S+ 7T = {s+1t¢|s € S,t € T} are also
subspaces of V. However, SUT = {sort|s € S,t € T} (union) is not always a subspace of V.

e St={veV|(v,s) =0, Vs € S} is a vector space (subspace). Proof: Let vi,vy € St and o € R,
(avi +va,8) = a(vi,s) + (v2,8) =0 = avy + vy € S,
(0,s)=0 = 0€ S+

e N(A) is a vector space (subspace). Proof: Let x,y € N(A) and o € R, then A(ax+y) =0 =
ax+y € N(A)and AO=0=0¢c N(A).

4 Inner product

e A vector space V' is an inner product space if it is endowed with an inner product defined as V xV — R,
and has the following properties: For z,y,z € V and «, 8 € R,

(i) Symmetry: (z,y) = (y,2)
(ii) Linearity: (azx + By, z) = a(z, 2) + B(y, 2)
(iii) Non-negative: (z,z) > 0 with equality if and only if x = 0.
e Ifzq,...,x, are orthogonal vectors in V' with an inner product (-, ), then they are linearly independent.

Proof: Suppose Y ., a;x; = 0. Then
O:(O,xj): (Zaiwi,wj> :OéjH.’EjHQ = Oéj:O, j=1...,n.
i=1

e Even if x and y are orthogonal, they are not always linearly independent as either one can be zero.
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Cauchy—Schwarz inequality: (z,v)? < |z|?||y|?> < |(z,v)| < ||z||||ly|| with equality iff z = 0 or y =
0. Proof: Set wy = z/||z|| and wa = y/|ly]]. 0 < (w1 — wa, w1 — wa) = 2(1 — (w1, w2)) = (w1, ws) < 1.

Example: Applying x; = /a; and y; = 1/,/a; yields

n 2 n n n Z-flai
<21> X = gt B

meaning that Harmonic mean < Arithmetic mean (< Geometric mean).

Some useful results for Matrices

Let ¢; be a vector with 1 for the ¢ th element and 0 elsewhere.
If Az = 0 for Va, then A = O: Setting x = ¢; leads to Az = a; = 0, where q; is the ith column of A.

If A is symmetric and 2’ Az = 0 for Vz, then A = O: Setting x = ¢; leads to 2’ Az = a;; = 0. Further,
setting = ¢; + ¢; (i # j) leads to @’ Az = a;; + 2a;; + aj; = 0= a;; = 0.

If A is not symmetric, however, this is FALSE. Although a;; = 0 still satisfies, we have a;; + a;; = 0
instead of 2a;; = 0. The counterexample is like this:

A= (% D) (0 ()0 w

If A is symmetric and nonsingular (usually variance-covariance matrix), then

BAB—2b'B=(B—A")A(B— A D) — b A b,

Trace and Eigenvalues

Given a square matrix A, consider Ax = \x & (A — AI)z = 0, where © # 0. Then A — A is always
singular because otherwise (if nonsingular) x = 0, which contradicts the assumption. Thus, solving
|A — AI| = 0 obtains A (eigenvalue) and the corresponding x (eigenvector).

If Ais an n x n symmetric with eigenvalues A; (i =1,...,n,
— tr(A) =Y A\ and det(A) = |A] =[], \i by expanding |AI,, — A|.
— tr(A*) = tr[(TAT")*] = tr(TAFT') = tr(AF) = 37, AF by the SD and the trace property.

Fundamental Subspaces

The space spanned by the columns of A, called the column space of A, is denoted by C(A).
Let A € R™"*P,

Column space of A =C(A) = {Ax | z € RP},
Row space of A =R(A) = {A'z |z e R"} =C(A"),
Null space of A = N(A) = {z € R? | Az = 0},

Left null space of A =N (A") = {z e R" | A’z = 0}.

o N(A) = C(A"). Proof: If z € N(A), then Az = 0 = VAx = 0,Vb = 2/(A'b) = 0 = x € C(A")*.

Conversely, if z € C(A")1, then 2’y = 2/(A’b) =0, Vb= b/ Az =0, Vb= Az =0 =z € N(A).



0Ny = N(A) NN(4) = N<j:>

Ay

i(leQQ)l:N<A2

i
) =] 4y =y + cag) =t +95.

o (HW1) If C(A) C C(B), show there exists C s.t. A = BC. What is rank(C') if A has full column rank?

Solution Let a; be the ith column of A (i = 1,...,m), then since a; € C(A) C C(B), there exists
¢ st. a; = Be, so that A = BC. Then m = rank(A) = rank(BC) < rank(C) < m follows
rank(C') = rank(A).

Rank

e rank(A) is equivalent to the maximum number of linearly independent rows or columns.

e rank(AB) < min(rank(A), rank(B)) since the rows of AB are linear combinations of the rows of B and
the columns of AB are linear combinations of the columns of A.

e If X is n X p of rank p and B is p X ¢ of rank ¢, then rank(X B) = gq.
Proof 1: XBa = X(Ba) =0= Ba=0= a=0. So, XB also has linearly independent columns.
Proof 2: q = rank(B) = rank[(X'X)~' X' X B] < rank(X B) < rank(B) = q.

e If A is any matrix and P and @ are any comfortable nonsingular matrices, then rank(PAQ) = rank(A).
Proof: rank(A) < rank(PAQ) < rank(P~'PAQQ~!) = rank(A).

e (HWI1) Suppose the columns of a comfortable matrix C' are added to columns of A to form the aug-
mented matrix (A | C). Then rank(A | C) > rank(A).

Solution: Use the monotonicity of dimension. Let A = (a; ---a,) and C = (c1---¢4). Then
C(A) =span{ay,...,a,} Cspan{ay,...,a,,c1,...,¢4} = C(A|C).
Hence, dim(C'(A)) < dim(C(A|C)), or equivalently, rank(A) < rank(A|C).
e By the above and the SD, rank(A) = rank(7”AT) = rank(A), i.e., rank(A) = No. of nonzero eigenvalues.

e Any n x n symmetric matrix A has a set of n orthogonal eigenvectors and C(A) is the space spanned
by those eigenvectors corresponding to nonzero eigenvalues.

Proof: Suppose A\py1 =+ =\, =0. Since A = TAT = >"I_, \it;t]

79
T T
Ax = Z /\ititgx = Z /\i(t;X)ti, HX,
i=1 i=1

which means that C'(A) is spanned by tq,...,t,.

e Let X be a nxp matrix of rank 7 < p and X partitions (X; | Xs), where X; € R™*" and X, € R**(P=7),
then show that X = X L where L is X p of rank r. Proof: there exists H s.t. Xs = X;H, so that

X=(X;|X;H) =X, |H) :=XjL = r =rank(I,) < rank(I, | H) = rank(L) < min(r,p) = r.

o If A € R"*P is of full column rank, Ax =0=x=0 (Ax =0 < x =0) since

T P
(ar,...,a,) | : :ijajzo.
j=1

Lp



Then A’A is non-singular (invertible).

Proof 1: Consider A’/Ax = 0. If A’A is not invertible, there must be a nonzero x such that Ax = 0,
which contradicts the fact that A has full column rank.

Proof 2: x’A’Ax = ||Ax||? > 0. Since Ax = 0 holds iff x = 0, A’A = O = A’A is nonsingu-
lar/invertible.

Likewise, if A € R™*? is of full row rank, A’x =0 = x = 0.

(HW1) Show the product of two full row rank matrices always full row rank.

Solution: Let A and B be of full row rank. Then (BC)x =C'(B'’x) =0=B'x=0=x=0.
Rank-nullity theorem: If a matrix A € R™*?P with rank(A4) =r

dimC(A) + dimN(A) =p or rank(A)+ nullity(4) = p.

Proof: Let s = dimN (A) and aq,. .., as be a basis for N (4) € RP. Add (p — s) linearly independent

vectors (1, ..., Bp—s so that {aq,..., oy, B1,...,Bp—s} is a basis for RP. Then x can be written as:

S p—s p—s
x:ZCiOZi'f'Zdjﬁj = AZL’:ZdJ(AﬁJ) '.'AOéi:O,
i=1 j=1

=1

which means that any vector in C(A) is spanned by Afi, ..., ABp—s. They are linearly independent
vectors since suppose

p—s p—s p—s
> vi(AB) =AY 8;=0 = Y 58 € N(A),
j=1 J=1

j=1

leading to

p—s s p—s s
Z’)/jﬂj = Z (Si(l’i == Z"}’jﬂj — Zéiaz =0.
Jj=1 =1 j=1 =1

Since {au,... a5, B1,...,Bp—s} is a basis for R?, v;(= §;) = 0, Vi,j. That is, {Af1,..., ABp—s} is a
basis for C'(A) so that p — s = dimC(A) = rank(4) = r.

rank(X’'X) = rank(X) = rank(X X’) = rank(X’).

Proof: First show N(X'X) =N(X). ae N(X)=Xa=0=X'Xa=0=ae NX'X)= NX) C
N(X'X). Conversely, a € N(X'X) = X'Xa=0= || Xa|?=0=Xa=0=a€ NX)= NX'X) C
N(X). Then we have dimN(X'X) = dimN(X). Since both X’X and X have the same p columns, by
the rank-nullity theorem,

p—rank(X'X) =p—rank(X) = rank(X'X) = rank(X).
In a similar way, rank(X X’) = rank(X’). Since rank(X’'X) = rank(XX"), we show the lemma.

rank(X T X) = rank(X) = rank(X X ) = rank(X ™) holds, where X is the Moore Penrose inverse.
C(X'X)=C(X"). Proof: a € C(X'X)=a=X'Xb=X'c,3c=Xb=a€c C(X'),s0 C(X'X)C
C(X'"). However, dim(C(X'X)) = dim(C(X’)) by the above lemma, leading to C(X'X) = C(X’).
This implies that we can always find one or more solutions to X’ X3 = X'y.

Symmetric and idempotent

If A is symmetric, i.e., A’ = A, then A™ is also symmetric.
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Symmetric matrices have only real eigenvalues:
Proof 1: A||z|* = (Az,z) = (Az,z) = (2, A'x) = (z, Az) = X*||z]|> = \* = \.
Proof 2: Let Ax = Ax = (a+i8)x (x # 0). Define B = (A — (o — i8)I)’(A — (o +i3)I). Then

B=A?-20A+’T+ B3 T=(A-al)>+5°T A =A.
Since Bx = (A — (a —i8)I) (Ax — (a + if)x) = 0 by the assumption,
0=xBx = x'(A — al)®’x + *x'x = ||(A — aD)x|* + 37 |Ix[|* (A —al) = (A —al).

The last two terms are both nonnegative, so § = 0.
The eigenvectors corresponding to distinct eigenvalues are orthogonal to each other.

Proof: Let Ax = A1x and Ay = Ay (A1 # A2). Then

A1 (va) = ()‘1X7Y) = (AX7 Y) = (X’ A/y) = (X7 AY) = (X’ )\ZY) = )‘2(X’ Y) = (X’ Y) =0.

If A2 = A, A is said to be idempotent. A symmetric and idempotent matrix is called a projection
matriz, whose eigenvalues are 0 or 1 as N2z = A\(Az) = A%z = Az = Az = \.

— XX is a projection matrix, where X is the Moore-Penrose inverse (Midterm): (XTX) = XTX
and (XTX)(XTX)=X"X. So does XX+.

If A is symmetric and orthogonal, i.e., A’A = AA’ = I, then row and columns of A are orthogonal each
other. Also, det(A’A) = |A|?> =1 = |A|£1, which does not mean eigenvalues are +1 (e.g., +-0.5, £2).

If A € R™*" with rank r < n is (symmetric) and idempotent, by above and the spectral decomposition,
rar=n= (I %) = A=TAT = (T) |T») L O\ (Ti =TT/
O O L'\ \o o T 14y,

nxr
where ATy =T1 (M ==X =1)and AT, =0 (A\y1 =+ =\, =0). Note that

—t1...,t, € C(A) = R(A), while t,41,...,t, e N(A),i=r+1,...,n.

— Note: Unlike T, T1T7 is not identity as Tj not square. But 7} has orthogonal columns, T/T} = I,.
Positive definite and semi-positive definite are defined only to symmetric matrices.

— If Ais p.d. = |A| > 0= A is non-singular. The converse is not true.

— If A is idempotent, then rank(A) = tr(A) = the number of eigenvalues 1.

Projections on Subspaces

Let Pg and P, be the projection matrix onto 2 = C(X) and w C Q.

Po(I — Po) = O = I — Py = Py, that is, I — Pq projects onto Q.

Since P,Po = PoP,, = P,,, we have P,(Pq — P,,) = O, meaning that P — P, = P, 11q.
(I —Po)(Pq—P,)=(Pa—P,)—Po(Po—P,)=0 = I —Pq 1l Po—P,.

If A; is any matrix such that w = N(A4;) N, then w' NQ = C(PyA}).

Proof: Since wt = (N(A4;)NQ)+ = C(A) +QL, if 2 € wtNQ, then x = Pox = Po|Ala+(I—Po)p] =
PoAja € C(PoA)) = wt NQ C C(PaA)). Conversely, if x € C(PqAY}), then x € C(Py) = Q. Also, if
z€w=N(A1)NQ, then 2’2 = o/ A1 Paz = o/ A1z = 0, so that © € wt NQ = C(PaA}) CwtNQ.
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If Ay is a ¢ X n matrix of rank g, then rank(PgA}) = ¢ if and only if C'(A]) N O+ = 0.

Proof: We have rank(PqA}) < rank(A;) = ¢. Let A} = (aj,as,...,a,) € R" 7 and suppose
rank(PoAf) < ¢. Then there exists nonzero ), ¢;a; € C(A!) such that PoAlc = )", ¢;Poa; = 0 that
is perpendicular to Q. Hence, C(A}) N Q+ # 0, which is a contradiction.

Positive (semi-) Definite

A is positive definite iff x’ Ax > 0, Vx # 0 or iff all leading minors have positive determinant. If A is
positive definite, A is clearly non-singular.

A is positive semi-definite if x’Ax > 0, Vx # 0.
The diagonal elements of a p.d. matrix are all positive: Setting = = ¢; leads to ' Az = ay; > 0, Vi.
If A is p.d., there exists the non-singular and symmetric matrix A% such that AZA2 = A

Proof: Since A is symmetric and has only positive eigenvalues, by spectral decomposition,

A =TAT =TA?A:T = (TA?T')(TA*T') = A*A? since T'T =1I.

If A is p.s.d., we also have A s.t. AZAZ = A, but A is singular so that A~'/2 does not exist.
— Hence, if A is p.s.d., then X’AX = O = AX = O. Proof below:
For Va, a’X’AXa = [|[A/?Xa|? =0 = A/?Xa=0= AXa =0 (not Xa =0),s0 AX = O.
Simultaneous diagonalization: If A >~ O and B > O, then there exists U (JU| # 0) s.t.
U'AU =1, U'BU =D =diag(dy,...,dy,).

Proof: By definition of positive definite, we can assume A and B are symmetric. Also, A > O implies
. 1 1. . oy
that A'/? exists, so that A"2BA ™7 is symmetric. By the spectral decomposition,

T'A*BA *T =(A*T)YB(A *T)=U'BU=D » O,
where U = A=2T. Then U'AU = T'A"2AA"2T = T'T = I as T is orthogonal.
—IfA>0Oand B>~ O and A = B, then 1) |A| > |B| and 2) B~} — A~ = O.
Proof of (1): Since U is nonsingular, I — D = U’(A — B)U > O. Hence, d; < 1 for Vi. Hence,
0 < |I] - D| = [U'|(|A| - B))[U| = (|A| - |B])|U'U| = (|A| - [B])|A|™" = |A]-[B|>0.
Proof of (2): We have A~'UU’ and B~! = UD 'U’, so that
B!'-A'!'=UD'-1'U'~0 -~~D'!'-1-0.
If Aisann xn p.d. and B is an n X n symmetric matrix, then A — tB > O for |¢| sufficiently small.
Brief proof: The ith leading minor determinant of A — ¢B is a function of ¢, which is positive when

t = 0. Since the function is continuous, it will be positive for [¢| < §; for ¢; sufficiently small. Let
d = min(y,...,0,), then all the leading minor determinants will be positive for |t| < 4.

If L is positive definite then for any b,

/
hrphaéio[ h'Lh } =V,
Proof: Use Cauchy—Schwarz inequality: (u/v)? < |lul?||v]|?>. Suppose u # 0, then we have
(u'v)? 2
<|vll
[Ju]?
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Further let uw = L'/?h (h # 0) and v = L™'/2b as L = O, then

1H\2
I v

with the equality holds when L'/2h = ¢L~=1/2b = ¢b = Lh, where c is a scalar.

Eigenvalue Application

Let A be an n X n symmetric matrix, then

'A 'A
max (3) 33) = )\MAXa min (1’ Jf) = /\MIN

z:x#0 x'x z:x#0 x'x

and these values occur when z is the eigenvector corresponding to the Ayax and Anin, respectively.
Proof: Suppose A1 > --- > \,. By the spectral decomposition, T'AT = A. Setting x = Ty leads to
2’ Ax _ y'T' ATy _ y' Ay _ S Ay <\
g yT'Ty 'y Yy
with equality when y =e; = . = Te; = t;. Also,
' Ax _ y'T' ATy _ y' Ay _ S Ay >\
de  yT'Ty 'y Yy~

with equality when y = e, =z =Te, =t,.

(HW1) Show the minimum and maximum eigenvalues of

2b 1,1/ 1
B= I, —-—"n ps -
1" W1 2
Solution: For x # 0,
a'Bx 2b 1 (1)

or  26—-1 20—-1 a'z
By Cauchy—Schwarz inequality,

2'Bx S 2b Lo L.]P=)> 20 n o 2b—n \
2z —2-1 2—-1 'z 26—1 26—1 2—1 ~MN
with equality iff = ¢1,,. Also,
' Bx 2 N
ar —2b—1 MAX

with equality iff 1/ z =0, i.e., 1,, L a.

Partitioned Matrix

Basic determinant properties

I B\| _|(T O\ _ , _ Ay O)] _ I 0\ _
6 Dl=le D= (G )=t (6 )]

1 0]
B — A,
H(A221A21 I)‘ | 22|

I O
= |Aq1||Ags].
(A21 Azz) ‘ A | Az|

follow



e Let Aj10=A11 — A12A2_21A21 (Schur complement), then |A| = |Aga||A11.2] = |A11]|A22.1] since

1. A A 1= I —ApA (A A I O\| _|(Aunz O
Ao Ao 0] I Aoy Ag ) \ A Ay T O Ax)|

o (HW2) Let A € R"™ and B € R™*" then |I,, + AB| = |I,, + BA|. Proof:

I,+AB O| |1, A||l., —-A| |, —-A||Ll. A] [I, O
B /|0 1,/|B I1,|°|B I,/|0 L,| |B I,+BA

Al =

|Im+AB|:‘

‘ =|L, + BA]|.
e (HW3) If a partition matrix

Az A
then N(AQQ) C N(Alg) and C(Agl) C C(Agg)
Proof: Let x' = (x] ax}), where x5 € N(Ag) and « € R.

A <A11 A12> -0,

0 < x'Ax = x| A11X) + axhAnx) + ax|Aaxs + a®XhAgoxs

= X/1A11X1 + QOéX/1A12X2 since A/21 = A12, A22X2 =0.

To satisfy that RHS > 0 for Va and Vx1, Ajsxs has to be zero, i.e., xo € N(Aj2). Hence, N(Ags) C
N(Aj3). It follows from this relationship that

N(Az) C N(A12) & C(AL,)" C C(A)y)"
< (;'(1422)L - C(A21)L Since A/22 = A227A/12 = A21
<~ C(Agl) C C(AQQ)

14 Inverse Matrix

e Sherman-Morrison-Woodbury formula: Let A and B be nonsingular m X m and n X n matrices,
respectively, and let U be m x n and V be n x m. Then

(A+UBV) ' =A"1' - A"'UB(B+BVA'UB)'BVA~!
=A' - AT'UB +vATIU) VAT
Proof: Pre- or post- multiply by A+ UBV to get I,,.
e Setting B=1,U =+u € R™, and V =¢' € R™, we have
A7y’ A1

=1 _ 4—1
(A+w')7=A Firoiie

15 Generalized inverse

o Let A € R™" with rank of » < min(n,m) (not full rank), then there exists A~, s.t. (i) AA"A = A.
e Such a matrix always exists and is called a generalized inverse or g-inverse (HW1).
Proof: If A is non-singular, then B = A~ is unique.

If A is singular, suppose A € R™*" with rank(A) = r. By the rank factorization, we obtain A = CR,
where C € R™*" is full column rank and R € R™*” is full row rank. Since ABA = (CR)B(CR) =
C(RBC)R, we want to find B s.t. RBC =1 so that ABA = A. As mentioned before, C'C and RR’
are non-singular even though A is singular. Hence, there always exists

B=R/(RR/) '(C'C)"'C’

such that RBC = 1. Especially, if A is full column rank, B = (A’A)flA’ is a g- inverse of A. Similarly,
if A is full row rank, B = A’(AA’)"!is a g- inverse of A.

10
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A~ is not unique. There are several ways of getting it: If A~ is a g-inverse, then

- G=A"+(I-AA)W (W #£ O) is also a g-inverse since AGA =A(A~"+(I-A"A)W)A =
AA~A+(A—AA-A)WA = A, or

- G=A"+uv (uv' # 0) is also a g-inverse, where u € N(A)s.t. u#0orv e N(A')s.t. v#0,
since AGA = AA A" + (Au)vA=A.

Taking transpose of the above property yields A’(A7)' A’ = A/, leading to (A")™ = (A7)
A solution(s) to Ax = b is x = A~ b, which is not unique, as A(A"b) = AA"Ax=Ax=b.

If A~ also satisfies three more conditions: (ii) A“AA~ = A, (iii) (AA™) = AA~, and (iv)
(A~A) = A~ A, then A~ is denoted by A", which is called the Moore-Penrose inverse.

Moore-Penrose inverse A is unique. If BT is another Moore-Penrose inverse, then
BT =BTABT =BTAATABT = A/(BT)YAT(BT)A' = A'/(AT)YA/(BT)YAT(BT)A'(AT) A’
=ATABTAATABTAAT = ATAATAAT = ATAAT = AT,

(HW5) Show C(A*) = C(A).

Proof: It x € C(A™), then x = ATu=ATAATu=A'(AT)ATu e C(A’) for some u. If x € C(A’),
then x = A’'w = (ATA)YA'w = ATAA'w € C(A™) for some w.

Decomposition

Rank factorization: A = C R , where C has full column rank and R has full row rank. Then
T~

nxp nXxXr rxp

(C’C)~'C'C = RR/(RR/) ! = 1L,.
(HW1) If PA'A = QA’A, then PA’ = QA’ for any comfortable matrices P and Q.
Solution: If A is non-singular, or A~! exists, PA’A = QA’A = PA’' = QA’.

If A is singular and rank(A) = r, we have A = CR by the rank factorization, where C € R™*" is full
column rank and R € R"*" is full row rank. Then

PA'A=QA'A = (P-QA/A=0 = (P-QR'C'CR=0.
Note that the r x r matrices C'C and RR/ are non-singular or invertible because we have
rank(C’C) = rank(C) = rank(RR/) = rank(R) = r (full rank)
Thus, multiplying by R’(RR/)'(C’'C) 'C’ (g-inverse of A), we obtain

1

(P-QR/C'CR[R'(RR)"'(C'C)"'C'|=0 = (P-QR/C' =0 = (P-Q)A'=0.

QR factorization (Gram-Schmidt algorithm): Suppose A € R™** and Q = (q; - - - qx), where

i—1
a; — y.'_(ai, q5)q, ,
i = : 2'7 1( ‘ J) 1 < i<k (orthonormal columns).

= . ,
i — 2;21(317%’)%”

Then A = QR, where R is an upper triangle. QR decomposition is often used to solve the linear least
squares problem.

Application: Consider normal equations: X’'X8 = X'y. Solving 3 = (X'X)~1 X'y is computationally
costly. If we obtain X = @R, then the normal equations become

RQQRS=RQy = RRS=RQy = (R)'RRE=(R)"RQy = R3=Qy

Since R is an upper triangular, it is easier to compute S by solving this from the last element of 3.
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e Spectral decomposition: If A is a n x n symmetric matrix, then A = TAT' =5 \;t;t), or T'AT = A,
where A = diag(Aq, ..., A\,) and T is an orthogonal matrix (not symmetric in general) with eigenvectors.
The columns of T are eigenvectors, which form an orthogonal basis for R™.

— C(A) is spanned by its eigenvector: Az =) Atitix =" A\ (tix)t; € C(A).

e Singular value decomposition: Let A € R™*P with rank of r,

D. O T,
A =(S;|S,—) (O O) (T; ) (normal form)
——

—r
nxp nxp

pXD
= S, D, T. (reduced form)
NN

nxr rXp

,
= Z o;sit;  (outer product form),
i=1

where D,. = diag(o1,...,0,) for o4 > --- > 0, > 0. S.S, = T.'T, = I, (Converse is not identity!).
— Solution 1: Find o7 (eigenvalues) and t; (eigenvectors) by solving A’At; = o2t;. Then

At,
S; = , 1=1,...,m
g;

where sis; = t;A’At;/(0,0;) = (0j/0:)tit; = d;5, i.e., S, is orthogonal as well as T,.
— Solution 2: Find ¢ and s; by solving AA’s; = 0; "AA’At; = 0;At; = o7s,;. Then
}&%i

ti: 5 i::L.”,T
0j

— The Moore—Penrose inverse: AT = TD, 'S’ that satisfies the following four properties: (i)
AATA = (SD,T')(TD, 'S')(SD, T') = SD, T’ = A, (ii)) ATAAt = TD_!S' = A*, (iv)
(ATA) = [(TD,1S)(SD, T")] = (TT') = TT' = AT A, and (iii) (AAT) =SS’ = AAT.

e (HW2) Find the SVD of X whose first row is (1,0,0,0) and the second row is (—1,0,0,0).
Solution: r = rank(X) = 1 and

X'X =

o O O N
o O OO
OO OO
o O OO

implies that the eigenvector greater than 0 is A = 2. Thus, 0y = v/2. The corresponding eigenvector is

(21— X'X)t; =0 = t; = (1,0,0,0).

Xt 11
= 01 __'VE -1 ’

1 1
X =8S,D, T, =sjo1t) = 7 (1) (V2) (1 0 0 0) (reduced form)

o (3 () D DY e

In the normal form of SVD, sy and tg orthogonal to s; and t; were chosen, respectively.

Then,

Hence,

12
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Cholesky’s decomposition: If A is p.d., there exists a unique upper triangular matrix R with positive
diagonal elements such that A = R’R. This is useful for efficient numerical solutions, e.g., Monte
Carlo simulations. The Cholesky decomposition is roughly twice as efficient as the LU decomposition
for solving systems of linear equations.

Expectation and Variance-covariance

For a random matrix Z and comfortable matrices, E(AZB + C) = AE(Z)B + C.
Cov(X,Y) =E[(X - EX))(Y — E(Y)] and Cov(X,X) = Var(X).
Cov(AX,BY) = A Cov(X,Y)B'.
Var(aX +bY) = a? Var(X) + ab[Cov(X,Y) + Cov(Y, X)] + b% Var(Y). Note Cov(X,Y) # Cov(Y,X).
Suppose ¥ = Var(X). E(x'Ax) = tr(AX) + p/Ap.
— El(x—b)A(x —Db)] = tr(AX) + (t — b)’A(pe — b) as Var(X — b) = Var(X).
- If ¥ =0%I,, E(xX'Ax) = 0% tr(A) + p/Ap = o2 (sum of the coefficient of X?) + (x' AxX)x=p

Multivariate normal distribution

Ify ~ N,(p,X), the density is f(Y | pu, X) = Ce3=m'27 =1 where C = (2r)~P/2|3|~1/2:
Proof: By SD, ¥ = TAT', where A = (\q,...,Ap) and let Z =T'(y — p) =y = Tz + u, then
1= / Ce*%(y*u)fz—l(yfu)dy — / C’e’%Z'A_lzL]\dz _ / Ce*% P z?/)\idz
YERP zERP zERP

since |J| = | det(dy/dx)| = | det(T)| = | £ 1| = 1. Further
| —p ) P [e%S) 1 s p
/ Ce 2 Xz %/ Mg = CH/ e 27 Midy = CT[(V2rN) = C2m)P/? |2 ]1/2,
zER? =17~ i=1

For the above, E(z) = 0 = E(y) = u and Cov(Y) = Cov(TZ +u) = TAT' = X.
Mgf of y ~ Np(p, X) is ¢y (t) = exp(p't + $t'3t).
Proof: If p =0, the mgf of yo ~ N,(0,3) is

E(et/yo) — C/et’yoe—%yéz’lyodyo - C/e—%[(yo—Et)’E’l(yo—Et)—t/Et]dyO - e%t/zt,

so that E(et'Y) = E(et 0t1)) = ¢t HE (et ¥0) = en't+3t' St

Let y ~ N,(u,¥). If x = Ay + b, where A € R™*" with rank m (full row rank), then x ~
Ny (Ap+b,AXA’). Note: A must have full row rank to ensure AX A’ > O; otherwise xAXA'x can
be zero for nonzero x.

All subsets of y are multivariate normal: Take A = (I, | O) € R¥*" Ay = (y1,...,yx) ~ Ni(ps, Zi)-
For a € R"\{0}, a'y ~ N;(a’u,a’3a), i.e., a linear combination of y;’s is univariate normal.
Suppose E(Y) = p and Var(Y) =%. Y ~ N, (i, X¥) < a'Y has a univariate normal for all a.

Proof: (=) See above. (<) If t'Y has a univariate normal for all t. By assumption, t'Y ~ N(t'p, t'3t)
and hence the mgf of t'Y is Myy(s) = E[e*Y)] = exp[(t'p)s + t'Sts?/2]. Putting s = 1 yields
Myy (1) = E(etY) = exp[t'p + t'3t/2] = My (t), which means that Y ~ N,,(u, X).

Yet, even though all marginals of X are normal, X may not be normally distributed (See 250A HW).
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Consider the joint density of X € R and Y € R%:
X ~ N pr\ (B X2
Y PR\ sy ) \Ba1 S22 ) )
then X 1l Y & X5 = 35 = Opygq so that fxy(x,y | p1, p2, X) = fx (x| p1, X11) fy (v | 12, Xa2).
PT‘OOfZ Use MGF. wX Y(t) — et/;H-t’Zt — etllpu+t/1211t1+t/2l12+t’2222t2 — wX(tl)'(/}Y(t2)-
In the above setting, the conditional density of X given Y =y is
X|Y=y ~ Np(p+Z12555 (y — p2), S11.2)

The proof is below.
Theorem 2.5: Let Y ~ N, (u,¥), U= AY and V =BY. Then U L V & Cov|[U,V] = AXB’ = 0.

Conditional multivariate normal distribution

If Aoy is invertible and given that

X1 A Ap
X = c RPJrq, A= e Rpta)x(p+a)
(X2> <A21 Ag

Let E(X1) = p; and E(X3) = .

Y\ (I, —ALALN (X
X,/ \O I, X,/

Since this is a linear transformation, the joint distribution is also multivariate normal with E(Y) =
py — A Ay p,, B(Xy) = py. and covariance matrix

Var Y\ (L —ADRAG (A AR\ (1, —ApAL) ' _(Anz2 O
X2 (0] Iq A21 A22 (0] Iq O A22 ’
which implies that Y and X5 are uncorrelated and then independent. Thus, the conditional distribution
of Y | X5 = x5 is the same as the marginal distribution of Y:

Consider the transformation

Y | Xy =x2~ Np(py — A1pAg) iy, Aqra).
Further, because of this independence, X; =Y + A12A2_21X2 given Xy = X5 is distributed as

Xi | Xo =% ~ Np(py — A2AL iy + A12AL) %o, Aqr)
~ Np(py + A2 A (%0 — po), A1)

If Aoy is not invertible, consider the transformation with g-inverse of Ago

Y\ _ (L, -ApAL) (X
X, o I, X, )"

<Ip A12A2_2) (A11 A12)< I, O')
(0] I, Az Axn) \-ApAxn I

<A11 —ApALAY A — A12A2_2A22> < I, 0/)

Then, covariance matrix

Y
Var <X2>

Ao Ay —AnAxn I
_ <A11.2 —(A12 — A12ALA2)ALAYN A — A12A2_2A22>
Ao — A A, A Ay ’
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For the top left,
A1z — (A2 — A12A5A)AnAs = Ao — ApAy Ag + A1pAg A Ay Aoy = Agp .

For the top right and bottom left,

A — ApALAn =HAp —HA»RALA» =0

Ao — ApASAy = ApH — ApALL,A»pH =0.
since C'(Ag1) C C(Ag2) implies that there exists H such that Ag; = AgsH and A1 = H Ao,
Therefore, as for the previous case,

Y [ Xy =x3 ~ Np(py — A1aAgppty, Agiz)
= Xy [ Xg =x2 ~ Np(pg + A1pAgy(x2 — p1y), Adr2)

20 Multivariate T distribution
Let Y = (Y1,Y3,...,Y,) is said to have a multivariate ¢ distribution if its PDF is given by

Mm‘—lm 1+ (y—p)S Hy — p) ~(pt)/2
(WV)RMF(%V) v )

fly) =

where ¥ > O. We say Y ~ ¢,(v, 1, X). This distribution has the following properties:

o If ¥ = (0yj), then (Y; — ;) /\/0ii ~ t.
o (Y —p)S ™YY —p) ~ F,,.

21 Quadratic form

e Let X be a p-dimensional random variable with mean p and covariance ¥ (not assumed normal yet).
Consider the quadratic form @ = 2’ Az for some comfortable A. Then E(Q) = tr(AX) + w Ap. Proof:

E(z'Az) = E[tr(2' Ax)] = E[tr(Azz")] = Eltr(A(z — p)(z — p)’ + App')]
= tr AE[((z — p)(z — p)'] + tr(App’).

e Example: Consider the mean of a sample variance S? = 37"  (z; — T)?/(n — 1), where z; ~ N(p, 0?):

n

(n-1)5*=3 (&: ~7)> =2’ <1n -

i=1

1,1/,

) x =2 Az,

so that E(n — 1)S? = tr(AX) 4+ 2/ Az|,—, = o tr(A) + 0=0%*(n — 1) = ES* =02
e Let y ~ N,(0,1,) and let A be symmetric. Then Q =y’ Ay ~ x2(0) < A is idempotent of rank r:
Proof: (<) Using the spectral decomposition of A,
Q=yTAT'y=2Az=> 27 ~x2(0) -rz=Ty~N,(0, T'T =1I,)
i=1

=y Ty =22 =Y 2} ~x}(0) .z =Ty~N(0, T|Ty =1I,)
i=1

(=) Express the MGF of Q = y' Ay ~ x2 with A, which is known. For ¢t < 1/2,

1 _ y' (I —2tA)y 1 u 1
- — E(eR = 2 p/2 o 2 I iy = — e
(1—20)/2 (e™) /( ) exp { 5 Y T — 2tA[1/2 11;[1 (1 —2t\;)1/2

by SD. It follows that r of p eigenvalues have to be 1 and the others 0 so that A is idempotent.
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e If y ~ N,(0,3), then Q@ =y Ay ~ x2(0) & AY is idempotent of rank r, or equivalently, AXA = A.
Proof: Let x = 12y ~ N(0,1,) = y = 2'/%2, then Q = 2/2'/24%/2z. By the above theorem,
Y P Y y
Q=a'2V2ASY 2z ~ X e $1/2A%Y2 is idempotent of rank r

o (21/21421/2)(21/21421/2) — 21/21421/2
& AYA=A & AYAY =AY

with 7 = rank(X1/2AXY/?) = tr(2V/2AXY?) = tr(AY) = rank(AX).

Another solution: r = rank(A) = rank(AYA) < rank(AXY) < rank(A) and Mgf of Q = y'Ay is

provided that [¢] is small enough. Note that if 3 > O and A’ = A, then ¥ +tA is also p.d. for small |¢].
e Let y ~ N,(0,1,), A; is symmetric and Q; = y' A;y ~ X"Q"i for i =1,2. Then @1 L Q2 < A1 A5 = 0.
Proof: (=) Q1 L Q2= Q1+ Q2=9y'(A1+ A2)y ~ XflJrTQ = A1 + A, is idempotent by above, that is,
(AL + AP =A1+ Ay = AjAy+ AyA =0.
Left and right multiplications by Ay yield Ay As + A1 A A1 = A1 As Ay + As Ay = A1 Ay = A A = 0.
(<) Suppose A1 As = 0. Find the Mgf of Q1 and Qa:

1
10,0, (t1,ta) = E(e @1 H72@2) = /(27T)7p/2 exp [_23/(] —2t1 A1 = 2t2A2)y | dy

1
T =2t A) — 2ty Ay|1/2
-l am=0
|I— 2t1A1|§ |I — 2t2A2|§
= 1;[}@1 (t1)¢Q2 (t2)7

meaning that Q1 L Qs.
o If y ~ N,(0,%), A; is symmetric and Q; = y' Ay ~ X%i for i =1,2. Then @1 L Q2 < A1X A3 = 0.
Proof 1: Same process as the above: (=) Q1 L Q2 = (A1 + A2)¥ is idempotent by above, that is,
(A| + A))S(A + Ap) = Ay + Ay = ASAs+ ATA, =0 = A SAy = A5A, = O.
(<) Suppose 415 Ay = 0, E(e@+12Q2) — |0 =301 =2t A; —2tAy| "2 = [[—2tA, 0| 2|1 -2t Ay 3|2,
Proof 2: Let x = S 2y ~ N,(0,1,), then Q; = 2'S% A X2 2. Hence, by the above theorem,
Q1 LQy © YIANINIAYNI=0 < A XAy =O0.
o Let y ~ N,(0,,). If Q1 — Q2 >0and Q; =y Aiy ~ Xgi for i = 1,2 then
Q11— Q2L @, Q1 —Qa~x2 ..
Proof: Since Q1 — Q2 = y'(A1 — A2)y > 0, Vy € RP, take z € N(A;) to obtain
0<2(A; —Ay)z=-242<0 Ay =0

so that 2’Asz = 2/A32 = [|[A2z]|? = 0 = Az = 0 = 2z € N(Az). So we have N(A;) C N(Ay).
Specifically, (I, — A1)y € N (A1) since A1(I, — A1)y = (A1 — A2)y = 0. It follows that

AQ(Ip — Al)y = 07 Vy = AQ — A2A1 = O and A2 — AlAQ = O A/1 = Al, AIQ = AQ.
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Using the equation to get (A; — Ag)As = Aj Ay — A3 = A1 Ay — Ay =0 = Q — Q2 1L Q3 and

(A1 — A2)* = Ay — A1 Ay — A Ay + Ay = Ay — Ay,
rank(A1 — AQ) = tr(A1 — A2) = tT(Al) — tr(Ag) =Ty — T,

which shows Q1 — Q2 ~ X2, _,,(0).
If y ~ Ny(m,I,) and A is idempotent of rank k. Then (y —a)’A(y —a) ~ xi((m —a)A(m — a)).
Proof: Let z =y — a, then z ~ N,(m — a,I,). By the spectral decomposition, we obtain

A =TAT =TT},

where T is orthogonal, T; has k column eigenvectors corresponding to eigenvalues 1 (AT; = T), and
T consists of p — k column eigenvectors corresponding to eigenvalues 0 (ATy = O). Then

2/ Az = (T12) Tz ~ Xi(||T} (m - a)||*) ~ x((m — a)’A(m — a))
since T)z ~ Ni(T}(m — a),I;) and || T)(m — a)||? = (m — a)’A(m — a).
Important! In general, what if y ~ N,(u, £)? We can write
Q — U/Ay — y/z_l/QT(T/Zl/QAzl/QT)T/Z_l/Qy,

where T is orthogonal such that T'(SV2AXY2)T = D = (A,...,\,) by spectral decomposition
of ¥1/2A%/2. Note that rank(D) = rank(XY/2A%'/2?) = rank(A). Further let z = T'S~12y ~
N,(T'S~Y2p, 1), so that

P
Q= Dz =Y N where 2~ N(UE0 1) 5 22~ (B2 = 1)
=1

Hence, Q = y' Ay is a weighted linear combination of independent noncentral x? r.v.s with one degree
of freedom and noncentrality parameters 6; = (¢/%71/21)2.

The weights are non-zero eigenvalues of £1/2A%1/2 or equivalently, eigenvalues of AY or ¥ A because

|ZV2ARY2 _AL| = [BY2|AS - AL||27Y?] = |AY — M| = |ZA — AL

Ex.1: Special case: When A = =1, then ©1/24%1/2 = I, so that D = I, and Q = 2’z ~ X%(Q), where

P
0=p/x1/? (Z tit;> V2 = s

i=1
Ex.2: Common case: When ¥ = [, and A is idempotent with rank(A4) = r < p, then
s
Q=) 2 ~ xi0), where 2}~ xi(6; = ptitip)
i=1
with the noncentral parameter

P T r
i=1 i=1 i=1

Ex.3: When X/24%'/2 is idempotent, or equivalently AY is idempotent, in other word, AYA = A
with rank(AY) = r < p, then D = I, so that

Q=3"2 ~ 20, where 2~ x3(0;=p'T s
=1
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22

with the noncentral parameter

p r r
0 = Zei — ZM/Z_l/Qtit;E_l/zu — MIE—1/2 <Ztit;> Z_l/Qu — /1,/14/1,.
i=1 i=1 i=1

Non-central chi-square distribution

Define: Let X; "2/ N(ui,1),i=1,...,nand p = (p1,...,p1s), then Y = 37" | X2 is said to have a
noncentral x? distribution with n degrees of freedom and non-centrality parameter 6 = Y .- | u? = ||u||?,
or Y ~ x2(||p||?). Why does the distribution of Y depend only on n and ||ul|?.

This Y can be expressed as the sum of a noncentral x? with 1 df and a central x? with n — 1 dfs.
Proof: Let a; = ;1/||/| so that aja; = (p/p)/||u]|*> = 1. Construct A with linearly independent rows:
ay

!
Qg

A=| 7| st AA=AA =1, (da; =d;).

Then we have

W = AX ~ Nn <<||‘(L)L||> ) In)

as ajp = ||ull, aip = aj(ar|lp]]) =0, i =2,...,n, and Cov(W) = ACov(X)A’ = AA" = I,,. Hence,
Y=Y X)=X'X=XANAX =W'W =W +> W/,
i=1 i=2
where Wy ~ N(||p|, 1) = Wi ~ x3(||ull*) and W; ~ N(0,1), i > 1= 370, W2 ~x;_,(0).
Let § = |||, then the mean of Y is

E(Y):E(Wf)—&-E(zn:Wf) =0 +1)+n—1=n+9,

var(Y) = var(W?2) + var (Z Wf) = [EW) — EWHH +2(n—1)
i=2
=[(6% 4+ 65 +3) — (6 + 1)*] + 2n — 2 = 2n + 40.

since B(X?) = p? + 02 and B(X?) = p* + 6p%02 + 30* if X ~ N(u,0?).
The pdf of Y is given by

e 675/2 §/2)¢

fY(y; n, 5) = Z #fxnﬁ—?i (y)v Xntoi ~ X?L+2i(0)7

i=0 :

which is a Poisson-weighted mixture of chi-square distributions (See 250A HW).

(HW8 in 250B). Equivalently, we say that, if V' | K ~ x7,,,.(0) and K ~ Pois(a’a/2), then V ~
Xa(/@). In addition, if U ~ Ny(a, I),, then since U'U ~ x2(o/a)

F (U}U> = [E (U}U‘Kﬂ - (p+21K2> '
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e The MGF is given by

5t 1 1
My (®) eXp<1—2t> —a2 T3

Using ¥ (t) = log My (t) = 6t/(1 — 2t) — (n/2)log(1 — 2t), the mean and variance are
] Lo
1—202  1-—2t
46 n 2n ‘
(I1—=2t)3  (1—2t)%l=0

E(Y)=14'(0) = =n+9,

t=0

Var(Y) = 4" (0) = = 2n + 44.

23 Non-central T distribution

e Suppose X ~ N(0,1), V ~ x2(0), and X 1V, then T = X/1/V/v has a noncentral ¢ distribution
with noncentrality parameter 8, T ~ ¢, (). The pdf of T is complicated. Mgf pf T' does not exist.

e Using the above expression, the mean of T is

E(T) = E(X)VvE(V~Y/?) = 9\/3%/12))/2) v>1;

otherwise, it does not exist.

e Example 1: Let X; ~ N(u,0?) and S? =31 | (z; — T)?/(n — 1). What is the dist. of y/n(X —a)/S?
Ty (V=) ) DS

e o ) o2 ~ XEL—I(O)

It follows that

W

i -—afe AR -w) |, (R
V(n—1)5%/(a2(n - 1)) .
e Example 2: Let Y; (S N(u,0?%),i=1,2,3,4. Find k such that
(Y— o)
VW —y2)? + (Y1 + y2 — 2y3)?/3+ (y1 + y2 + ys — 3y4)?/6

has a noncentral density. Note that n = 4. Since Y ~ N (u,02/4)

x = 20 — o) ~N<0: 2(11//10)71).

(o2 g

T=k

Want to have the quadratic form for the denominator. Suppose

1 —1 0 0
A=(1/V3 1/V3 —=2/V/3 0 e R34
1/v6 1/vV6 1/V6  —3/V6

Then

Y1 — Y2
W= Ay = (y1 +y2 — 2y3)/V3 ~ N3(Ap=0,0"AA" = 20°Is),
(y1 + 2 +ys — 3y4)/V6

so that we have W/W/(202) ~ x3(0). Therefore,
X _ 2V6(Y — po)

T Wt xs W
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e Let (X;,Y;),i=1,...,n be a random sample from the bivariate normal distribution with parameters

24

my, ma, v2, v3, and correlation r. If d is a fixed constant, find a constant k so that
E(X -Y —d)
Vo (X - Y - X 4 T2

Proof: Let Z; = X; —Y;, Z=X —Y and A = (1 —1). Then

T =

3

Zi = A<§(/) ~ N (Am = m; —ms, ASA' =17),

where v? = 12 — 2rvivy + 13, Tt follows that

o T (S ) ) T2

v 2 ~ X?L—l(o)

Since Z L 3" [ (Z; — Z)? and hence W L V even though r # 0. Thus,

W VZ-dy n(n —1)(Z —d) ot <\/ﬁ(m1—m2—d))
NEEN e RN T 7 >

which is equivalent to T if k = y/n(n — 1).

Non-central F distribution

Suppose X ~ x2(0), Y ~ x2,(0), and V' I W, then F = (X/n)/(Y/m) has a noncentral F' distribution
with noncentrality parameter 6, F' ~ F, ,,,(0). The pdf of F' is complicated. Mgf of F' does not exist.

Using the above expression, the mean of T is

mn-+0

m
E(F)="EX)E(V™Y) = 9.
(F) = 2B BV =" ms
otherwise, it does not exist. Also, the variance of F' is
Var(F) = (T)Qvar X (T)2 [E(X2)E(Y™2) - B(X)2E(Y )]
n Y n

B (@)2 [2n—|—49+(n—|—9)2 B (n+9)2]
\n (m —2)(m —4) (m —2)?2
(n+260)(m —2) + (n +0)* (m

2
= 22 (m — ) E)’ m >4

(Final) Let z; = (1,1,1,1,1)" and z» = (1,1,0,0,0)', 8 = (6,6,2,2,2), and Y ~ N5(0,I5). Let
V = L(z1,22) and let Y be the orthogonal projection of ¥ onto V. Find a constant K so that

_ KPR
[y =72

Solution: We have ||Y| = Y'PY ~ x2(0'Pf) and ||Y — Y2 = Y'QY ~ x2(6'Qf). Since Py6 = 6 (need
to calculate), ' PO = ||0]|* = 84 and §’Q0 = 0. Hence, F ~ Fy3(84) with K = 1.5.
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25 Independence theorem and lemma

e Let y, ~ N,(0,1p), u = Ay and v = By. If Cov(u,v) = AB’ = O, then u 1L v and v'u 1L v'v.
e Further let

Al k B4 I
A= RFXP B = R*P
<A2) © 7 <B2> ©

and A; € R¥1*P and B; € R"**P have linearly independent rows. Then
Aq
- R(F1+l)xp
C ( Bl) €
is of full row rank since
C'z = (A} | Bi)(i’;l) =0 = Az, =Bz, =0 = z=0.
1
e Craig’s theorem: If y ~ N,(0,X) and Q; = y'A;y. Then Q; L Q; & A, XA; =O.
Proof: < is derived from joint mgf of Q; and Q;, i.e., E(e/1@1+2@2) The other direction is difficult.
— This also holds in the general case: y ~ N,(m,X) (see HW5).
— Especially, if ¥ = I, then Q; L Q; & A;4; =O.
e Loynes’ lemma. f M?=M=M',P=P'>0,and I - M — P > O, then MP = PM = O.
Proof: Let x € R™ and y = Mx then y'y = y'Mx = yYMMx = y'My. By assumption,

0<yI-M-P)y=-yPy<0 --P=O.

Hence, y'Py = 0 = |Py|| = 0= Py = PMx = 0 for Vx = PM = O and (PM)' = MP = O.

e Marsaglia-Garaybill’s Lemma. If Dy, D,,...,D, are symmetric n X n matrices, then any of two
of the following statements imply the third:

(i) Dy,Ds,...,D, are idempotent;
(ii) D,D; =0, Vi #j.
(ii) D =D;7 + Dy + --- + Dy is idempotent;
Proof:
— () + (i) = (iii): D*= (XL, D))’ = XL, D+ ¥, DD, =¥, D, =D.
— (i) + (iii)) — (ii): Consider
I-D,-D,=(I-D)+(D-D,-D,).
I-D = O by (iii) and D—D; =D, =37, ;- Dy = O by (i), so that I-D; —D; = O = D;D; = O
by Loynes’ lemma.

— (ii) + (iil) — (i): Let D;x = \;x for x # 0. If A # 0, then, by (ii),

DD;x D?x

Dx

which implies that D; has the same nonzero eigenvalues of D. By (iii), A; = 1.

e Cochran’s theorem. Let y ~ N,(0,I,) and y'y = Zle Q; = 25:1 y'A;y, where rank(A;) = r;,
i=1,...,k. Then the following statements are equivalent:
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(i) Qi LQjfor1<i#j<k
(i) Qi~x2(0),i=1,....k
(iii) SF i =p.
Proof:

— (i) = (i): Qi L Q; = A;A; = O by Craig, and I = Y.F | A, is idempotent. By MG lemma,
A; is idempotent, so that Q; ~ X% (0).

(Another solution) Q; L Q; = Q1 L Q2+ -+ Qr = A1(Az +---+ Ay) = O by Craig
= A;(I-A;)=0= A, is idempotent.

— (ii) — (iii): Since I = Ele A;, and A, is idempotent,
k k k
Zm = Ztr(Ai) =tr (Z Al-) = tr(I,) = p.
i=1 i=1 i=1

— (iii) — (i): Let a1, ..., a,, be eigenvalues of A; and T be an orthogonal matrix such that T'A; T =
diag(as, ..., a,,0,...0) by the spectral decomposition. Then we can write

I=TT=TAT+TA_,T,
where A (_;) = E;;i A, meaning that T"A _;T also has to be orthogonal. Suppose T'A(_)T =
diag(f1,. .., Bp). Then
I=diag(ar + B,y U, + Brys Britis- -5 0p)
yields By, 41 = -+ = 3, = 1. Hence, rank(T'A_;)T) > p — r;. However,

k k
rank(T'A_;T) = rank(A _;)) = rank ZAi < Zrank(Aj) =p—r
i i
leading to rank(T'A_yT) =p—r = 1= - =6, =0 = a1 = - =, =1 = A

is (symmetric and) idempotent for ¢ = 1,...,k. This result and the fact that I = Zle A; is
idempotent follow A;A; = O by MG lemma and hence @; 1L @; by Craig’s theorem if 3 = 1.

26 Orthogonal Projection

o Let QCV =R" Any y € V can be written uniquely as y = u + v, where u € Q, v € Q.

Proof: Suppose dim(2) = r. Let {z1,...,z,} be an orthogonal basis for 2. Expand this to an

orthogonal basis for V' by adding {z,1,...,z;}. Then y € V is expressed as
r k
yzz:ozimi—k Z ;T = U+ .
i=1 i=r+1

If there are ui,us,v1,vs such that u; € Q and v; € Q+, i = 1,2. Then we have u; + v1 = ug + v9 =
Uy —ug = v —v1 € QNN = {0} = u; = up and v; = vy, which shows the uniqueness.

e Orthogonal projection of y on € is u, and then y — u € QF (residual). Pq such that Poy = u € Q is
called the orthogonal projection matrix (orthogonal projector) of y on .

— Let Pay=uc€Q, theny —u=(I-Pq)y=veQt
— Claim: P is unique. Proof: If there are two such matrices P and P\g;, then Poy =u = ﬁg/zy =

(PQ — Pg)y =0 for Vy eR™ = Py = Pq.
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How to find Py: Again, let dim(Q) = r and {x1,...,2y,Zr41,...,2%} be an orthogonal basis for
V =R". WLOG, assume that {z1,...,2,} is an orthogonal basis for Q. Then, if y € V, we can write

r k
y:Zaixﬂr Z axi =u+v, u€-fl veQt.
i=1

i=r+1
If¢=1,...,r, then (x¢,y) = zjy = ay. Hence, the orthogonal projection w is given by
: - 1Y
u= Zaixi = Z(wéy)xl = (21,....2,) | © | =TTy = Pay.
i=1 i=1 2y

Note that T has orthogonal columns but is not an orthogonal matrix as 7" is not symmetric.

Very importantly (again), we can write P = TT’, where T has orthogonal columns (not symmetric),
ie., T'T = I,.. T is not unique as there are an infinite number of orthogonal basis; but, P is unique.

From above, P is the orthogonal projection matrix if and only if P is symmetric and idempotent.

Proof:(=) If P = TT’, then P is obviously symmetric and idempotent. (<) If P is symmetric and
idempotent, P = UAU’ = U U{, where U = (U; | Us) and U; has r orthogonal columns.

Hence, we can write y = Poy + (I, — Po)y = u + v, where u €  and v € Q.
P, = X(X’X) X' is the orthogonal projector onto = C'(X):
— Symmetric: (X(X'X)"X') = X[(X'X)7 )X’ = X[(X'X)] X' = X(X'X)" X’ since AA~A =
A=A A YA =A"=A'A)"A"= (A7) =(A')" if A is symmetric.
— Idempotent: We want to show P34 = Pq or (X(X'X)~X')(X(X'X)"X’) = X(X'X)~X/, but we
cannot use the second property of the Moore-Penrose inverse.
Proof: By the property of a g-inverse: AA~A = A,
X'X(X'X)"X'X=X'X = (XT)X'X(X'X)"X'X = (X")X'X
= (XXH)X(X'X)"X'X = (XX)'X
= XXTX(X'X)"X'X = XXX
= X(X'X)"X'X =X
= X(X'X)"X'X(X'X) X' = X(X'X) X/
= P} =Pq.
If w is a subspace of Q (i.e., w C Q), P,Pq = PoP, = P,,. Proof: Let y € V, then P,y € w C Q. Then
Po(P,y) = Poy = (PoP., — P,)y = 0,Vy, so PoP,, = P,. Take transpose to get P,Pn = P,,.

Consider y = X3 + € € R", where X is not full rank and E(e) = 0 and Cov(e) = 02I,,. Then solving
normal equations yields fitted vector 8 = X3 = X(X'X)" X'y = Pqy, which is always UNIQUE even
though X is not full column rank, i.e., (X'X)~ and 8 = (X'X)~ X'y (biased) are not unique.

Proof (again): Set Pg and f’g, where Poy = u = f’Qy = (P — ﬁg)y =0 for Vy = Pq = Po.

Gauss Markov’s Theorem

Consider E(y) = X8 = 0 € C(X), where X has full column rank and € ~ N, (0,0%L,). If B is an
ordinary least square (OLS) estimate of 3, i.e., 8 = (X'X) !Xy, then & = X3 has the property that
¢’X3 = c’0 is the best linear unbiased estimator (BLUE) of ¢/X3 = ¢'6, Vec.
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Proof: Suppose a'y is a linear unbiased estimator of ¢'0, i.e., E(a'y) = 0. Since E(y) = 6, a’0 = 0,
V0 = a = c. Then, the difference in variance between 'y and ¢’0 = /X =/ X(X'X)"'X is

Var(a'y) — Var(c'0) = o[a'a — ¢ X (X'X) ' X] = 02d'(I,, — Px)a = O,

so that Var(a'y) = Var(¢/8), which is minimum variance.

Similarly, ¢’ B is BLUE for ¢'#: Suppose a'y is a 1inear unbiabed estimator of ¢, then d/ X3 = 3,
VB = o’ X = ¢’. Then Var(a'y) — Var( 'ﬂ) =o02%d'a—0?d(X'X)"lc =0%d (I, — Px)a = O.

Estimability

Consider y = X3 + € € R", where rank(X) = r < p (not full rank) and Cov(e) = 0L, and B : p x 1.

In a less-than-full-rank model, B is not unique so that [ is not estimable, that is, there is no linear
unbiased estimate for 8. Proof can be done by contradiction.

Proof: If there is a linear unbiased estimator for 3, we have E(aly) = B;, ¢ = 1,...,p. Setting
A" = (ai1,...,ap) leads to E(Ay) = 8 = AXB = B8, V8 = AX = I,. However, p = rank(l,) =
rank(AX) < rank(X) = r, which contradicts with r < p.

However § = =X B s unique, so each element 6; of # = X3 can be estimated as 51 = :c;E
Definition: The parametric function a’3 is estimable if it has a linear unbiased estimate, b'Y".

By the discussion in Gauss Markov theorem, a a’f3 is estimable if there exists a vector b such that
EWY)=dB=>0XB=dB,V8=>Xb=acC(X')ord =X

a’B is estimable & a € C(X'): o/B=E@M'Y) =bXp, V3, so that o/ =X or a = X'b.
Theorem: a’f is estimable if and only if ¢’/ = o/ (X' X )~ X'X.

Proof: (<) d/(X'X)"X'X =d = o = X’X(X'X)"a € C(X'). (=) If d/B is estimable, then
d =VX=dX'X)"XX=VXXX)X'X=0VPxX=VX=d.

By the above, Var[a’] = o’ Var[(X'X)™ X yla = 0%d’[(X'X)" X' X(X'X) " |a = 0?d(X'X)"a

If a3 is estimable, a’f is unique. Proof a =0 X =adp=X3="00 Similarly, a'B = b’XB = v0,
which is unique. By theorem for BLUE, 4’6 is the BLUE of '8, so that a’$ is the BLUE of a’f.

— Since the GLS estimate is simply the OLS for a transformed model, a’BW is the BLUE of d'S.
This implies that the OLS estimate a’f is not BLUE in a less-than-full-rank model, although this
is still unbiased. That is E(a’8) = E(a’'By) = d’'B, but var[b'Y] > var[a’ 5] > var[a/ Sw].

a/E(B) is an estimable function of 8. Proof: a'E(B) = ¢/E[(X'X)"X'Y] = d/(X'X)"X'XB = ¢B,
where ¢ = X’ X(X'X) a € C(X).

If o B\ is invariant with respect to B, a’B is estimable. See HW.

Suppose that E(Y) = X3 and Var(Y) = 0%I,. 'Y is the linear unbiased estimate of E(a'Y) with
minimum variance iff cov(a'Y,d'Y) = 0 for all b such that E(b'Y) =0 (i.e., ¥ X =0').

Proof: Suppose 'Y = (a +b)'Y. Then E({Y) = /X5 = /X3 = E(d'Y) for Vb s.t. E(V'Y) = 0.
var(c'Y) = var(a'Y) +var(b'Y) +cov(a’Y,V'Y) > var(a’Y) +var(b'Y) with equality iff cov(a'Y,b'Y) = 0.

Example: Consider a one-way ANOVA, y;; = p+7; + €5, i =1,...,a (No. of group), j =1,...,n;
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(No. of obs in the ith group). Let n = .7 ; n;. Then the model can be written as

E(y) = X8 € R"

Y11

1y, 1,, 0 - 0 "

Ying Ly, 0 1, - 0 sl
E : - . . . )

: : : .0

Yal L, 0 0 - 1./ \m
: N——
v nx(a+1) (a+1)x1

where X has less than full rank as rank(X) = a < (a + 1). Calculate (X'X)” X'X:

n o ni - Ng 0 0 e 0
n ny --- 0 0 n[] cee 0
X'x=\. . , = (X'X) = .
ng 0 -+ ng o 0 - n;t
(a+1)x (a+1)

Hence, the condition for ¢/3 to be estimable is ¢/ = ¢/(X'X)~ X' X:

0o 0 --- 0 nomy o mg
0 ny*t - 0 ng ng -+ 0
(co,C1y---,¢a) = (CosC1y---5Ca)
0 0 - n7t) \n, 0 -+ mn,

a a
= E CiyCly-..,Cq = Cy = E Ci.
=1 =1

E.g., (0,1,-1,0...,0)8 = 71 — 7o is estimable, but (1,—-1,0,0...,0)8 = u — 71 is not estimable.

29 Distribution Theory

e Consider y = X3+ ¢ ~ N, (X8,02%I,), where X : n x p, rank(X) =p, and B:px 1. Qx = I,, — Px.

o B~ Ny(B,o?(X'X) 7).

o (B BYX'X(B~p)/o® ~x}(0) by above.

o B 1 y—7since Cov(B,y — ) = Cov((X'X)~1X'y,Qxy) = (X' X)"1X'(0%1,)Q = 0.

o BULS*=(y—7)(y—7)/(n—p) =y Qxy/(n—p) by above.

e SSE/0? = (n—p)S?/0? = y'Qxy/o?® ~ x%(0), where r = rank(Qx) = n — p.

Proof: y'Qxy = (y — XB)Qx(y— XpB) = ¢Qxe and Qx is symmetric and idempotent of rank n — p.

— E(SSE/0?) =n —p= E(SSE/(n —p)) = 0.
— Another solution: E(y'Qy) = tr(Qo?I,) + uQu = o(n — p).

e MLE of 8 coincides with the least square estimate for 3: B = (X'X)"1X"y.

e MLE of 02 is 53 g = SSE/n = |ly — X B||2/n, which is biased, while 52 = SSE/(n — p) is unbiased.
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e The information matrix is given by

or? or? /
e[ )22
I:—E aé :V?ll“ % = 85826/ 8585)—2 = 0'2 O N
) _or E _or A
920’ (002)2 20
which gives us the multivariate Cramer-Rao lower bound for unbiased estimates of (3, 02), namely,

L)

Since Var(B) = o%(X'X)~!, which attains the lower bound, B is said to be the minimum variance
unbiased estimate (MVUE) of 5.

e If columns in X are orthogonal each other, i.e., X = (z1,...,2p) and x; 1 x;j, i # j. Then since
X'X = diag(z}z1,...,7,7p), the OLS estimate is given by
(xhxy)™t o Y
B=(X'X)"'X'Y = : = B = (&jz))""2}Y,
) (zpap) ! z,Y

meaning that the OLS estimate of §;, Bj, is unchanged if any of the other ), (k # j) equals zero. Also,

p
> > 22
SSE=Y'Y —Y'PxY =Y'Y = X' XB=Y'Y =3 B3|z,

j=1
which implies that if 5; = 0, the only change in the SSE is the addition of the term Bjx;.Y or B\j||:17]||2

e Example: Suppose z;; are standardized so that for j = 1,...,p, the sample mean is >, z;; = 0 and

the sample variance ), z7; = c. We now show that (1/p) Z?:l Var(gj) is minimized when the column
of X are mutually orthogonal.

Proof: Since the first column of X is unity, we have
v (n O i1 (nTh O
XX—(O C’) = (X'X) _<O c-1)-
P
= Zvar(ﬁj) = tr[Var(8)] = o tr[ (X' X) 7! = o*[tr(C™ 1) + n7 1] = o2 Z At
j=1

where A1 = n and A; (j > 2) are eigenvalues of C. tr(C) = c(p — 1) = >_; A; gives \; = ¢. So,
there exists an orthogonal matrix T s.t. C'= TAT’" = cl,, so that the column of X must be mutually
orthogonal.

30 MLE for Multivariate Normal without vector/matrix deriva-
tive
e Suppose y1, ..., Y, be a random sample from N,(u, V).
e Let A=Y"" (vi —9)(y;i —7) > O, then log-likelihood is

n

n 1 _
U, V) =C - §1Og V- ) Z(yi — )V yi — )
i=1
n 1 «— N _ _ 1
=C—loglVI= 5> W=V ' w-0-5) G-wV'FG-n
i=1 i=1
1
<C- glog VI-5te(v "4
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with equality (maximum) when p =g =7.

e Further let \1,...,\, be eigenvalues of A'/2V~1A/2,

—~ 1
Wi, V) =C — %log V]= 5 r(v'A)
n 1 n n
= —1 L Zgp(y? = _
C+2 og|V ™ 5 r(V A)+210g|A\ 2log|A|
=C - %log VAl - %tr(V’lA)

—C— glog A2y =141/ %tr(Al/QV*lAl/Q)

zé—glogHAi—%ZAi
z”: (nlog A; — ;)

Hence 00/0)\; = 0 = Ni=n= AV2VIA2 =, =V =pAl =V = A/n. Note 92(/9X} < 0.

Generalized Least Square Estimate
e Consider y = Xf3 + ¢, where Cov(e) = 02V. Let ¥ = V=1/2x_ then §j = X8 + ¢ and Cov(€) = ¢21,,, so
Bw = (X'X)7'Xj = (XVIX) XV,

which is said to be the generalized least square (GLS) estimate. If V is diagonal (not identity), then
this can be called weighted least square (WLS) estimate.

e SSE (or RSS, residual sum of squares) is

SSE = (Y — XBw ) (Y — XBw) = (Y — XBw)'V (Y = XBw)
e Let Py be the orthogonal projection such that Pgy = )EB\V% then

SSE = (Y — XBw) (Y — XBw) = Y'(I — Pg)Y = (Y — XB)'(I — Pg)(Y — XB) = &I — Pg)e
SSE (Y — XBw) VY — XBw) &I - Pg)E

— _ 2
= 0,2 - 0_2 - 02 ~ anp(o)

as € ~ N(0,021,) and rank(I,, — Pg) = tr(I, — Pg) =n—p.
o If ¢ ~ N,(0,02V), then By ~ N,y(8, o2(X'V-1X)™1)

e Suppose V = diag(wy,...,wy), where w; = Var(y;). If w; depends only on the values of X, then errors
are heteroscedastic.

o (Important) Let B be OLS estimate. fyy = < CV1X)=0(X) & C(VX)=C(X).

Solution: We can write Y = Yj + Ya, where ¥; € C(X) and Yz € C(X)*+. First, since Y7 € C(X), we
write Y7 = Xa, Ja. Hence,

(X'VIX)I X'V, = (X'VTIX)TIX' VT Xa=a = (X'X) XY
Hence, need to show (X'V71X)"1X'V~1Y, = (X' X)~1X'Ys. Since Ys € C(X)+ = N (X’). we have

(XVIIX)TIXVTY, =0 o XV lvp=0.
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This holds iff Yo € N(X'V~1) = ¢(V-1X)+. Thus, C(X)t C C(V1X)t & C(X) D C(V71X).
However, by rank(V ~!X) = rank(X) and the rank-nullity theorem, C(V~1X) = C(X). Finally,

CVIX)=C(X) & VIX=XW & X=VXW & (CX)=CVX),

where W is a nonsingular matrix.

Add Regressions to a Model

Assume that E(y) = X, where Var(e) = 02T and then § = (X' X)"1X'y.
Consider another model G : E(y) = X8+ Z~, where the columns of X and Z are linearly independent.

We can write the model G as

E(y) = (X Z) (f) = We.

In a special case, if X’Z = O, i.e., they have columns that are orthogonal to one each other, then

5= (%0 grwy = (XX 0 VTH(X), (X)X -
o = ($G> —(WW) 1W:lj—< o) Z/Z> (Z,>y— <(Z,Z)1Z/y), =  fBag=7p.

In the general case, let Px = X(X'X)"'X" and Qx = I — Px. Then we can write G model as
E(y) = XB+ PxZy+ QxZy
= X[B+ (X' X)X 29 + Qx 27
=Xa+QxZy.
Since XQx = XQx = O, as for the specific case,
a=(X'X)"'X'y =B+ (X'X)"'X'Z7c = Be + LAc,
Yo = (Z'Q%xQx2)"'2'Qxy = (Z'Qx2) "' Z'Qxy = MZ'Qxvy,
Be = (X'X)"'X'(y — Z3c) = b — Lie,
where L = (X'X)" X'Z and M = (Z'Qx 2Z)~".
Check that Z'Q x Z is nonsingular: Suppose Z'Qx Za = 0. Then
dZ'QxZa=|QxZal| =0= QxZa=0= Za=PxZa=X(X'X)"'X'Za € C(X).
However, we have X Il Z = C(Z) N C(X) = {0}, so that a = 0, meaning that Z'Qx Z is invertible.
Variance-covariance matrix is a bit complicated.
Var(e) = 0°MZ'Qx ZM = oM
Cov(B,7c) = Cov((X'X) 71Xy, MZ'Qxy) = 0*(X'X) "' X'QxZM = O
Var(Be) = Var(3 — Lic) = Var(B) + LVar()L' = o®((X'X) "' + LML,
Cov(Ba,7c) = Cov(B — Lig, 7c) = O — LVar(g) = —o>LM.

To summarize,

Ba\ _ o ((X'X)"' 4+ LML —LM

Cov =0

3a) = —ML M)

We also see that Var(Bg) = 02[(X'X)~! + LML'] = 0%(X'X)~! = Var(B) because
/LML'a=|MY?L'a|?>0 = LML =0,

which means that adding regressors does not decrease the variance-covariance of 3 estimate.
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e Let Py be the orthogonal projection matrix on C'(W).

Jouwy = Pwy = XBa + 236
= X(B - Lc) + ZAc
=Pxy+QxZyc - XL=PxZ
=(Px+QxZMZ'Qx)y, Vy.
It follows that Py = Px + QxZ(Z2'Qx7Z) 7' Qx.
e Using this, SSE in G model is given by

SSEq =y (I - Pw)y=9y'(I - Px —QxZ(Z'Qx2)"'Z'Qx)y
— SSE — y/QxZMZ'Qxy < SSE

since Y QxZMZ'Qxy = ||MY?Z'Qxy|?> > 0 = QxZMZ'Qx > O, meaning that adding regressors
does not increase SSE.

33 Estimate under Linear Constraints

e Consider y = X3 + ¢, where E(e) = 0 and Cov(e) = 01,,. Assume X :n x pand B:p x 1.

e First, suppose rank(X) = p (full column rank).

e Want to estimate 8 such that AS = ¢, where A: g xpand c:qx 1.

e The first method uses Lagrange multiplier: f(3) = |ly — X3||? + (48 — ¢), where A € RY.

af(B) _ , o 9f(B)
Tﬁ——ZX(y—Xﬁ)—I—A)\, W_AB_C'

Both derivatives equal to zero gives

Bu=B—(X'X)"ANg/2 = ABg=AB—-AX'X)"ANg/2=c
so that Ay /2 = [A(X’X)_lA’]_l(AB— ¢) and hence

Bu=8—(X'X)"ANg/2 =5 — (X'X) TA[AX'X) " A7 (48 — o).

e Second approach assumes there exists [y s.t. Ay = c¢. Then
Yy=y—Xpo=X(B—Po) +e=Xv+e
Let § = Xv € C(X) and A} = A(X'X)"1X’. Then
A0 =AX'X)'X'Xy=AB-Bo)=0 = 0 N(A).

Thus, 6 = C(X) N N(A;) = QN N(A41) = w C Q. It follows that 0 = P,7.
e Lemma 1: If w C Q, then P, = P — P, 1q-

Proof: w C Q= P,Pq=P,. So, (P,y)(Pa— P,)y =y'P,(Pq— P,)y =0, leading to

P, 1 Phb—P, = Po— P, :PwLmQ.

e Lemma 2: w'NQ = C(PyA}). Proof: Show wtNQ C C(PyA}) and O(PoA}) C wtNQ (See earlier).
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e Therefore, the estimate of § = X (5 — fy) is

34

0 = P,j=(Po—Puinq)j by lemma 1
= (Pa — Po(paay))y by lemma 2
= (Po — Pa Ay (A1 PoAY) " A1 Po)(y — X o)
= Pa(y — Xfo) — PoA (A1 PoAY) "1 A1 Po(y — X o)
= X(B — Bo) — PoAL (A1 PoAY) " A X (B — fo)
= X (B - Bo) - X(X'X) A (AX'X) T A) T AB - Bo) - Padj = X(X'X) A
= X (B — Bo) = X(X'X) T A/(A(X'X) T A) " (AB — o).
Since we can write 0y = X(ﬁH - 5o),
XBy=XB— X(X'X) "A(AX'X)"A)"H(AB - ¢)
= Bg=B—(X'X)"AAX'X)"AT Y (AB —¢) - premultiply by (X'X)"'X’
Indeed, ABH = Aaf (AB —¢) = c. We can use (X'X)~, which is more complicated as shown later.
var(B\Hj) < Var(gj) as
Var(By) = Var[(I — (X'X) ' A[AX'X) " AT A) B
=?[(X'X) - (X' X)TAAX'X) T AT AKX X))
< o2(X'X)"" = Var(B).

Show ||V — Yy |2 = ||V = Y2+ ||Y — Y ||? wisely.

Proof: Need to show (Y — 37)’(1/} —Yy) = 0. Let P, be the projection matrix onto w = N(A;) N €.
PQPW = PWPQ = Pw leads to (Y - Y)I(Y - YH) = Y/(I - PQ)(PQ - Pw)y =0.

Design Matrix of Less-than-full Rank

Consider the randomized block design with two treatments and two blocks: Yj; = p + o; + 75 + €5,
1,7 = 1,2. Then the model is

Yi 11010(5
| Y2 |11 0 01 1_
EM)=|\y, | =1 01 1 of|2f=%F
Yas 1010131
2

where the columns X are linearly dependent (rank(X) = 3).

We have two options for X to be of full rank. First, set as = 0 and 2 = 0, i,e, regard them as reference:

Yi1 1 1 1 u
vl 110
E(Y)— }/21 = 1 0 1 (Ozl)
Yoo 1 0 0/ \1
and the second is that we use two identifiability constraints, 75 =0 or > . a; = 0 and Z} v = 0:
1 1 0 1 0
1100 1| ("
O _ (Xt o1 1o o
o) \g)’ |1 010 1|
o110 0f|™
000 1 1)\
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where the augmented matrix now has linearly independent columns. Thus given 6, § becomes unique,

Suppose rank(X) = r < p and still A = ¢ € RY, where A (full row rank) with ] in rows and ¢ are
known. If each of a}f is estimable for ¢« = 1,...,q, then Vm;, such that E(mly) = a8 = m.X =
a;. Hence, we have A = MX, where M = (mq,...,my)" € R?7*" with rank ¢ as ¢ = rank(A) =

K2

rank(M X) < rank(M) < gq.

Recall that we consider E(y) = Xy =0 € Q = C(X). Then M0 = MX~y = A(B — By) = 0, so
that 6 € N(M)NQ :=w C Q. Ublng this, we form Xygy = Oy = P,y = (Pa — Po(pomv))y. Since
PoM' = X(X'X)"X'M' = X(X'X)" A" and MPoM’' = A(X'X)~ A, we also get the same formula:

X(Bu — o) = (Pa — Po(pomny)y
= (Po — PoM'(MPoM')™ M Pq)(y — X fo)
— (I, — PaM'(MPoM")~ M)(Pay — PaX o)
= (In — PaM'(MPoM')™M)X (B — fo)
= X(B = fo) = PaM'(MPoM')" MX (B — Bo)
= X(B - Bo) — X(X'X)” A'(A(X'X)~ A')~ A(B — Bo)
and similarly to full rank X,

XBy = XB— X(X'X)” A'(AX'X)"A") " A(B - Bo)

= X'XBy = X'XB— X'X(X'X)” A'(AX'X)"A)" A(B - Bo)

= X'Xfy = X'XB - A'(AX'X)~A)~ A(B — Bo)
since X'X(X'X)"A' = X'X(X'X)" X'M' = X'PoM' = X'M' = A’.
Moreover, importantly, if A3 = ¢, where A is of less than full rank, then § = A~ ¢ is a solution (but
not unique) as A8 = A(A7¢) = AA~AB = AB = c¢. Using this fact, we also have

B = (X'X)" X'XB — (X'X)” A/(A(X'X)”A)A(B ~ bo)
= (X'X)" X'y — (X'X)" A(A(X'X)" )" A(B - Bo)

~

= —(X'X)"A'(AX'X)" A" (AB —¢).
Claim that A(X'X)~A’ is invertible (nonsingular), i.e., [A(X'X)"A']7 = [A(X'X)”A’]7!. Since
AX'X)" A" = MPoM' = M PoPoM', enough to show PoM’ has full column rank (rank(PoM') = q).
Lemma 3: PqoM’ has full column rank < Q+ N C(M') = {0}. Proof:

— (=) Suppose rank(PoM’) = g and set z € Q+ N C(M'). First z € C(M’) leads to z = M'a, Ja.
Further, since z € O+ = C(X)t = N(X), 0= X'z = X'M'a = A’a = a = 0 since A has full row
rank. Hence z = 0 = Q+ N C(M') = {0}.

— (<) Show the contraposition: rank(PoM') < ¢ = Q1L NC(M') # {0}. Suppose rank(PoM’) <
For 3o € RI\{0} s.t. >7_, a;(Pam;) = Po Y j_, cim; = 0, so that Y7, aym; € QFNC(M')\{0}.

In conclusion, if O+ N C(M') = {0} or equivalently, rank(PoM’) = ¢ (full column rank), A(X'X)~ A’
is invertible, so that A/iH = A/i’ A(J — Bo) = c even if X has less than full column rank.

Hypothesis Testing under Linear Constraints

e Go back to the condition where X has full column rank and then the constrained estimate of 3 is

B =pB—(X'X)"AAX'X) A" (AB - o). (*)
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e Want to test H : AB = c vs Hy : AB # ¢, where A (full row rank) and ¢ are known.
e Under H, the sum of square errors is given by
SSEn = |ly — XBul® = lly — XB+ XB — XBu|® = SSE + (B — B)' X'X (Bu — B)
Substituting (*) into B provides
SSEy — SSE = ||Y — Yy ||? = (AB — o) [A(X'X) " A7 (AB — o).

Here 3 ~ N,(B,0%(X' X)) = AB —c~ N, (0,02A(X' X)L A’) under Hy, leading to

SSEx — SSE

S = A [PAXX) AT B~ o)~ x(0).

e Note that without restrictions, what is the expectation of the difference in SSE? We have
AB—c ~ Ny(AB—c, c?A(X'X)A).
Hence, let Z = AB — c and B = A(X'X)"1 A,
E[SSEy — SSE] = E[Z'B~'Z)] = tr(B~*(0?B)) + (A — ¢) B~} (AB — ¢)
=o2q+ (AB —¢)[AX'X)" T A7 (AB — ¢
= 0%q+ (SSEx — SSE)5_g.
implying that without restriction (SSEgy — SSE)/0? ~ x2(d), where § = (A — ¢)’ B~ (Af — ¢).
e We also have SSE/0? = y/Q,y/0? ~ x7_,(0). Therefore, the F' statistic for testing Hy is

SSEx —SSE)/q  n—pSSEy — SSE
SSE/(n—p) ¢ SSE
This is not enough! Need to show SSEy; — SSE 1l SSE.

Proof: Since X'Qx = X'(I, — Px) = O, X'y 1l Qxy by Craig’s theorem, leading to

o

Fyn—p(0) under Hy.

X'yl Qxy = (X'X)'X'y 1 y'Qxy = B 1 SSE = SSEy — SSE 1L SSE

as SSEy — SSE is a function of B

e Let S% = (SSEy — SSE)/q and S? = SSE/(n — p). From above, E[S%] = % + §, where § > 0 as
AX'X)™*A = O and E(S?) = 02. When H : A3 = c is true, § = 0 so that E(S%) is also unbiased for
o2, that is, F' = 5% /S? ~ 1. When H is false, § > 0 and by F(S%) > E(S?) and S% 1L S,

ﬁ 1 ] - E[S%]

E(F)=E [52} = E[S%]E [52 B52) > 1.

Thus, we reject H if F is significantly large (A is small).
e Exercise: If H : A = c is true,

n—pSSEy —SSE  n—pe (P — Py)e
q SSE  q €d(I,—P)’

where Py = P — X(X'X) ' A'B 1 A(X'X)"' X’ is symmetric and idempotent.

F =

Proof: The denominator is obvious. Show that SSEy — SSE = ||Y — Yy||2 = ¢ (P — Py)e. We have
SSEy — SSE = (AB — ¢)/[A(X'X) " A'| "1 (AB — ¢)

= (B— B ATAX'X)" A A(B - B)
=Y - XB)X(X'X)'ABPAX' X)X (Y — XP)
=¢ (P — Pg)e.
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e Example (The Straight Line). Let Y; = 6o + S1zi + €, i =1,...,n or E(Y) = X3, where X = (1, z)
and 8 = (8o, f1). Then we have

v (n Tz\ [ n nzT
XX_(l’x x/x)_(nx Zl:ﬁ)

M 772:(1)<—;ij —77?):21(%1_33)2(711 _%%2 —1:5)

and'so By =Y — BT and B = > (Y Y)(z;—7)/ > ,(xi —T)%. Note that since Var(B) = o%(X'X)!
the correlation coefficient of ,60 and ﬁl, p, 18

cov(Bo, B1) __ —n%
Vvar(Bo)var(By) V7

F statistics for testing

—H:Bi=cis
r_ (AB*c)’[A(X'X)*lA/]fl(AgiC)/q B (Bl 70)2 "
= SSE/(n — 2) T 5%/ (3 — 1) 1,n—2-
—H:By=cis
F = (BO - 0)2 N Fl,n—Q.

S23i 2/ [n 3 (i — 7))
Also, the fitted value is given by )AC = 30 + 3117 =Y + Bl(h — ) and hence
SSE=Y (¥~ T2 =Y [V~ - Bi@: )|
= Z(n ~Y)? =280y (Vi =Y) (@i — %) + B ) _ (2 — 7)°

i %

=SV TP Y (- w)

7

=2 (G-YP -3 (Vi-V)

7

so that >, (V; —Y)?=>".(Yi — Y;)2 + 3,0 =Y)P =3 (Y — Y;)2 +723°,(Y; —Y)?, where
2 SSReg _ Y, (Vi -V BY(n-2?_ [S(i-V)@-2)]

TESTO T LG -VP | L(i-VP SV Y(m -
which is the square of the sample correlation between Y and x. We can write
1= (V;=Y)? =) (V; - ¥;)* = SSE.
i i
Using SSE and r, the F statistic for testing
— H:p1=0is

o BT B 1?02 rP(n-2)
SSE/(n —2) (1—r2)3,(Y; = Y)2 1_r2 °

—HZBOZOiS

_ nB% iz — )2 _ nY" >z — )2
2 wSSE/(n=2)  (1-r) X, (Yi-Y)2 3, af
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36 Exercise under Linear Constraints (1)

e Consider the standard linear model: y = X3+ ¢ € R™, where X : n x p, 8:px 1 and € ~ N, (0,021I,).
e Here, set n = 10 and p = 3 and suppose X has orthonormal columns.

e We also have X'y = (1,2,3)" and y'y = 20.

e Set H: AB =c € R, in particular, 81 + B2+ 83=2(¢g=1)= A= (1,1,1) and ¢ = 2.

e (a) Find By. First 8 = (X'X)" X"y = I5(1,2,3) = (1,2,3). Hence,

-~

B =P~

Cov(Bu) = Cov|(Is — (X'X) " A[A(X'X) " 4|71 4)B]
= Cov|[(I3 — 37'1415)5]
= 02(Is — 37'1413)% < 025 = Cov(B),

1A/[A( X! )—1A/]—1(AB_C)

1 -1
4 1
3 )

e (b) Determine Cov(By).

which implies that B g is biased but has lower variance than ,73’\ , which is unbiased without this constraint.

e (c) Calculate F test statistics. First, we have Py = X(X'X) !X’ = XX’ # I,, and then
SSE = yQy =4’y —y' Py =20 — | X'y|* =20 — 14 = 6.

For the numerator,

~ - 1
SSEy — SSE = (Af — o)/ [A(X'X) 1A YA — ¢) = ;
Therefore,
po (5B —SSE)a (691 56 oo

SSE/(n—p)  6/(10—-3) 9
Since F17770_95 =b5.59, we reject H : f1 + B2 + B3 = 2.

37 Exercise under Linear Constraints (2)
e Given Y = 0 + ¢, where € ~ N4(0,0%1;) and 1,0 = 0, show the F-statistic for testing H : §; = 3.
e First, using the Lagrange multiplier, that is, from f(6) = [|Y — 0> — A\(1'8), we have
Vi=0,=Y,-Y & Y=0=(I,-11'/4)Y
so that the denominator of the F-statistic is

SSE [y -Y|2 o (1Y)

S2 = =
n—op 4-3 4

e For the numerator, we have two solutions, but X’X is 3 x 3, so the calculation of A(X’X)~!A4’ would
not be wise. Hence, use the Lagrange multiplier again. Set #; = 63 then

F(0) = (Y1 —01)* + (Yo — 02)% + (Y3 — 01)% + (Ya — 04)® — X(201 + 02 + 64).
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39

Solving the above, we have

-V, You=Ys, Yiu=Yi

I N
YlH:YSH:%

Then the numarator of the F' is

SSEy —SSE  |[Vi — V|
q - 1

VgV S Vi-Y3\? (Vi —Y3)?
Z(Y1H—Y1)2+(Y3H_y3)2:2( 12 3) :( 1 . 3)

Therefore, the F statistic is

- Ys)?/2 _ 2 — ¥a)? ~  Fi1(0)
(1'Y)2/4 (Y1 + Yy + Y3 + V)2 LA

Likelihood Ratio Test

Let ©g and © be the null space and the whole space, respectively, and 50 and & be MLEs of 0 for each
space. Then LRT statistic and its asymptotic distribution are

-~

[10 ® ./79 L
oA = —glp MXecon f(@0) o) L) - b, x2(0),

maxgeo f(x]0) Li,(0)

where r = dim(0) — dim(6y), i.e., difference in the number of parameters.
If y ~ N,(83,0%). Then
(y=XBo)'(y = XP) o _ y=XP)(y—XB)

2
o) = g =
H n ) n )

o~

so that
Lu, (B, 6%) = (2762) 2 /2, Ly, (B,5%) = (2762) /2~ "/?,
leading to
> ~ —n/2
A= LH()(ﬂOveO) _ (O%> /
LHA (ﬂ7 9) Ca 7

We reject H if A < ¢. A is not a convenient test statistic.

—2log A = n(log 53 — log 7?).

Instead, using this notation, we have

_(SSEy —SSE)/g n—p (SSEx \ _n-—p 8787 =D (o
F= SSE/(n—p) ¢ SSE )= g (A 1)'

We reject H when F' > F, ,,_, 1_q.

Jensen’s Inequality

The direction of the inequality depends on the sign of f”(X). How to remember?

We know that Var(X) = F(X?) — E(X)? > 0= E(X?) > E(X)?. Soif f(z) = 22, then E(f(X)) >
f(E(X)). This implies that

=

= E(f(X)) = f(E(X))

f(z) is a convex function (f”(x) >0
<0) = E(f(X)) < f(EX)).

f(x) is a concave function (f”(x)

If f(x) =271, 2 >0, since f'(z) =223 >0 (z>0), BE(f(X)) > f(BE(X))=EX 1) > (EX))" .
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40 Iterative Algorithms

41

e Consider a model with log-likelihood ¢(vy). Want to find 7, the MLE of v, by the iterative process.

e Fisher’s method of scoring:

o2t \\ " /ot

! ! { aloald y(m) 28l (m)
o o\ (ot

7 Oy 0 Ay (m) Oy A (m)

_ ,Y(m) + I(,\/(m))flgl(,\/('m)),

i.e., v is updated by adding the product of the inverse Fisher information and the score function.

2 —1
,y(m—&-l) — ,y(m) _ ( oL ) (86>
00" ) my \OV ) yim)

=" — H(y™)7 (),

e Newton method:

i.e., v is updated by subtracting the product of the inverse Hessian and the score function.

e Derivation (from 250B HW4): First, find the MLE of 0, say 5, such that

~00(8,
u(d) = (%Y):o.

-~

Taylor expansion of u(0) around an initial value 8y up to the first order gives

au(eo)

00 (/é — 0()) = 11(00) + H(B())(a - 0()) =0 = 5 = 0(] - H_l(ﬂo)u(ﬁo).

u(8) ~ u(8) +

Miscellaneous Exercises

e (Midterm) True or False: For any linear models, it is always true that the sum of residuals equals 0.
Solution. False; the sum of residuals is 1'e = 1’( — P)Y = 0 only if I’P = 1’ that is 1,, € C(P).

e (Midterm) True or False. Let S be a n x p matrix and 7' be a n X ¢ matrix and both have full column
rank. Let Pg be the orthogonal projector onto C'(S) and assume further that columns in S are linearly
independent of those in T. Then T’(I — Ps)T is nonsingular.

Solution: Let Qg = I — Ps. For a € RY, suppose a'T"QsTa = 0. Since a'T'QsTa = HQ;/QT(J,‘P,
dT'QsTa=0 & HQ;/QTGHQ =0 & QsTa=0 & Ta=5(5S)"'S'Ta < a=0
as S I T implies C(S)NC(T) = {0}.

e Given the predictor Yy = xB\ € R, where X = (1,z1,...,2,_1). Show that Y has a minimum variance
of 0?/n at the z point z; =7 ; (j=1,2,...,p—1).

Solution: We know that Y; = «/3, where x; = (1,z1,...,2; p—1), and Y; = Z}5, where z; = (1,241 —
T1,...,Tip—1 — T p—1) (after scaling) have the same ;, j =1,...,p — 1 with a different ;. Then

—1
) n O/ 2 l/n 0/
Var(5) = o (O C’> =0 ( 0 c-
S 1/n 0O 1 _ o’
Y) = 2! [ / 1 > 2 ..
= var(Y)=o"z 0 Cl)x a(n—I—vC’ v)_n SC>=0
2

with equality iff v =0 2z, =7 ; (j =1,2,...,p—1).
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e (HW2) Show that |z|| = |ly|| iff there exists an orthogonal matrix 7" such that Tax = y using the
householder transformation matrix H, which is symmetric and orthogonal.

Proof: If Tx =y, then y'y = 2'T'Tx = 2’2 = ||z|| = ||y|| since L2 norm is always positive.
If [|z|| = |ly||, then ||z|e1 = ||ylle1 = Hix = Hyy = HyHyx =y, where T = Ho H; is orthogonal.

e (HW4) Let Xi,...,X,, and Y,...,Y,, be independent random samples from N (uz1,v}) and N (u2, v3),
and let S7 and S3 denote the sample variances. Then what is the distribution of

k(X1 + X5) k(X1 —¢)* + (X2 — ¢)?]
———  and 3 .
Y1 — Yo 53

Solution: First, X1 L X5 and Y7 L Y5 follow

N1 » BTN e

\/51/1 \ﬁlfz

respectively. Further, since (X7 + X5) L (Y7 — Y2), we have

vy

X1+X2NN<\@H1 1) Yi-Y,

(X1 +X5)/(Vor) _ mXitXe (m)

V-V /@3) nlYi- Y

which is the given statistic if kK = vo/v1. Secondly, X; L X5 leads to

N e

and we know (ny — 1)S3/v3 ~ x2__1(0). Since X; 1L S that is a function of Y7,

[(X1—¢) +(2X2*C) 1/vi B L22 (Xl _ 6)2 + (X2 — 0)2 o F 9 M1 —cC 2
VSR S3 et 2 ’
n271

which is the given statistic if k = v3/(2v%).
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