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1 Filler’s Theorem

e Suppose the joint distribution of uncorrelated U and V

U Iz 5 (a2 0
~ N. , 2 1
(v) ~ =) (T 2
Further, let s be an estimate of o2 with m degrees of freedom, namely, ms?/0? ~ y2 and assume
- tfma /232a§

V2
then a 100(1 — a)% CI for 8 = p/v, ratio of the expected values of U and V is

M 1 U tm,a/2s U?

Note that the requirement of g < 1 is equivalent to requiring V' is significantly different from 0.
Proof: Let W = U — 0V, then W ~ N(0,02(a? + 6%a3)). Hence
W/(oy/ai+6%a3)  U—0V ;

\/s?/o? s\/a? + 0%a3 "

= (U-0V)? = tfmamsQ(a% + 0%a3)

g <1

t =

The CI can be obtained solving this w.r.t #. This is the case where two variables are uncorrelated.

2 Simultaneous Interval Estimation

e We begin with the full-rank model Y = X3+ € with X : n x p. Then one way to construct 100(1 — )%
CI for k linear combination a3 (j = 1,...,k) is

> /2 _
aip € a}ﬁitn/fpsq/a;(X’X) la;

But this has a multiple comparison problem.

e Suppose that E; j = 1,...,k is the event that j-th statement is correct, and let Pr(E;) =1 — a; and
let § be the probability of getting at least one statement wrong. Then we have

k k k

k k
1-6=Pr((E|=1-Pr|(E|=1-Pr|JE | 21-)_Pr(E)=1-> a;
j=1 j=1

j=1 j=1 j=1

This is called Bonferroni inequality, which is not as crude as one might expect with £ < 5 and small «.
v = Zle o is the expected number of incorrect statements if & is finite. Proof: Define I; =1 if Ej

is incorrect with Pr(E;) = a;. Then I; ~ Bernoulli(a;), so that E(3_; ;) = >, E(I;) =3, a5 = 7.
o If the dependence between the events F; is small, we can write

k
Pr ﬂ E; | = Pr(Ey)Pr(Ey | Ey) - Pr(Ey | Br,... Ex_1)
j=1
~ Pr(E1)Pr(Es)--- Pr(Ey)
k

k
[[a-a)=1-> a;=1-34,
j=1

Jj=1

which provides better bounds than the previous one.

Proof: Set a;; = « for simplicity. Let f(a) = (1 — a)® — 1 — ka. Then f(a) > f(0) =0



e Bonferroni ¢-interval: If an individual significant level for each k is common (a; = «), and we use
this as o/ = «a/k instead of «, then we have

k
Pr ﬂEj >1—ka=1-4d.
j=1

This is the Bonferroni correction for the multiple comparisons. Then their CIs become

%) a/2k —
a;f € a}ﬁitnépsq/a;(X’X) la;
e Scheffe’s interval. We assume WLS that the first d vectors of the set {ai,...,ax} are linearly inde-

pendent, and the remaining vectors are linearly dependent on the d vectors. Consider Aj, where
al aip
A=1: = Ap= :
ag agf
Using the F-statistic we have in 250A, and setting b = A(B\ —fB)and L = A(X'X)~ LA’ yields
l—a=Pr(F<Fg,_,)
= Pr(L7'b < dS°F3,, )
(h'b)? 2

= [I;?%{hmlh S A5 Finy
('
h' Lh

B WAB - B)| _ o
= Pr <mg dFd,n—p’ Vh;é()),

which gives CIs for h' A like this:
WAB € WAB+ [dFg,  SVWLh

In particular, setting h = c¢;, we get

=Pr [ < dS*Fg,_,. Vh# 0}

a;B € a;B\i \/dFda,n—p S\/c;Lcj, j=1,...,d.

In addition, an interval for every a3 (j = d +1,...k) is also included in this set, owing to the linear
dependence of the a; on the other a; (j =1,...,d). For example, if ag41 = hiay + - - - + hqaq, then
ay 8= Z;lzl hialp = h'Aj5. Thus, the above CI also applies to the other a;, j =d+1,... k.

e Suppose that we wish to test H : 51 = -+ = Bgq4+1, which can be written in the form v; = 5; — Bat1
(i =1,...,d) so that Sheffe’s method will provide confidence intervals for all linear combination
d d d d+1 d
Sl =S it (— 3 hi) B =S b =~ h
i=1 i=1 i=1 i=1 i=1
where Zflill ¢; = 0; thus every linear combination of the «; is a contrast in the 8; (i =1,...,d+1).

e Once we have B from n observation Y, we can estimate the mean response E(Y) = Y;, = /8 at a
particular value of x = g, using Yy = (3, then the interval is Yy + tz/_QPS zo(X'X) " Lxg. If we are
interested in all values of = (1,21,...,2p—1), then Sheffe’s method provides simultaneous intervals

@' € a'Bx(pF, )28/ (X' X))z

with an exact overall probability of 1 — a.



e Example: Let p = 2, that is, Y, = Bo + Brx; +¢€ (i =1,...,n), where ¢; ~ N(0,0%). Then a set of
multiple 100(1 — a)% ClIs for all linear combinations agfBy + a181 (ag # 0,a1 # 0) is

aogo + algl + (2F2(f71’72)1/2:[)\,
where 0% = 52 [ad(}°, 22/n) 4 2a0a:T + @3] / 3, (zi — T)2.

e In practice, we are generally more interested in predicting the value, Yj, say, of the random variable Y,
where Yy = 24,8 + €g. If we assume ¢y ~ N(0,0?) and ¢ is independent of Y. Then

E(Yy—Yy) =0, var(Yy—Yy) = o[z (X' X) twg + 1]
= Yo-Yy ~ N(0,0%(zh(X'X) 'ag +1)).

Thus, the interval estimate is 370 + tzé 2175’ \/ zy(X’'X) "1z + 1. Similarly, simultaneous prediction inter-
vals for k£ future values of Y is given by

2B € ZBEp+E)Fpirnp®V?8/3 (X' X) T + 1.

Straight Line Regression

e Again, consider the simplest regression model, Y; = 8o + f1a; +¢; (i=1,...,n) with ¢; iy N(0,0?).
e Important properties are

SSE=Y -Y|?= [V, TP =TSS A7 > (x; — 7)?

i i

¢—7—§1(x -
— 1 1 o?
COV(Y,ﬂl):ﬁ(}OV ZYi,chYj :EZciVar(Yi):ZZci:O.
i j i

K2

e Since Var(g) =02(X'X)7!, the k = 2 simultaneous Cls for 3y and f3; are, respectively,

2
i%i 1

S EMN S e

where A = tf:/_42 (Bonferroni) or A = (2F3, _,)'/? (Sheffe’s method).

Bo 4+ \S

e Confidence interval for the z-intercept: Since E(Y) = Sy + 281 = 0 the z-intercept can be written as
¢ =—Po/P1. Let U = By + 1. As both By and f; are unbiased and normal, U ~ N (0, V'), where

V:var(ﬁo—&—qﬁl) = var [7-1—31((?—5)} = g2 [i+M} 2

Hence, we have t-statistic

p_Ullovw) Y+he-3) ,

S/o Svw

so that a 100(1 — )% CI for ¢ is given by T? < (t;;:/_22)2 = F{,_5. Hence, the interval reduces

di +7 < ¢ <dy + 7, where d; and dy are the roots of the quadratic

- 1 d?
2 a 2 | =
”*ﬂ”)ﬂmﬂs[n+zmm—w4

Ff,_ 587 Ff,_,S2d?
(@i —T)?

=Y +2VBd+ B2d =

Fe, 552 . Ly FP, 582
B =22 |y oV Bd 4 |V - ) =
= 51 Zz(xz — T)Q + 51 + " 0




e Prediction intervals for response Yj: A set of k multiple 100(1 — a)% prediction intervals for the
random variable YO(]) = 6o + 51:10(()]) + ef)” (j=1,...,k)is

. 1 (-7
Yo £ 14+ —4+=—"F+—""
0 )\S\/ +n+zz(x17§)27

where A = tgé(gk) (Bonferroni) or A = (kﬂff’”_Q)l/2 (Sheffe’s method) since still p = 2.

e Inverse prediction (Calibration). A natural estimate of zo (which is also MLE) is found by solving the
fitted equation Yy = By + (12, namely,

CNR R (b SR N

B1 B1

A CI for x¢ can be constructed using the filler theorem. Suppose

S
|

o)
K|

Bt U= -Y) - (-2
1

Then E(U) = 0 and since cov(Y, 31) = 0,

Zo :f+

var(U) = {1+ = Z(x( )) ] =02

so that the t-statistic is given by

Umuz<m—?wwm—@&

~  tp_g.
S/U (zo—T)2 1/2
S [1+ 5+

T =

Hence, we have the interval dy < xg — T < dy = d1 + T < 29 < dy + T, where dy and dy are roots of

(Yo —Y) —dBi)? = (t7/%)2S [1 + % + z(xdz‘_w} '

e Exercise 6a.4. Using the notation of the above, show that when T = 0, (Zo — Zo)/Zo = 1 — r?, where
Zo (inverse estimate) is obtained by regressing x on Y and r is the correlation coefficient of the pairs
(x;,Y;). This implies that when 72 — 1, Ty ~ o, i.e., little difference between the two estimates.

Solution: g = (Y — ?)/31 and To = Gg + a1Yy = a1(Yo — Y) as T = 0. Hence,

Fo-3 _1Bi-a . Y = V)i — P
To—To _ /51Aa1:1_6161:1_ (Y —Y)( HJ)L 1,2
o 1/B (Vi =Y)? 3 (i —T)?
e Miscellaneous Exercise 6.1. Let F' is the F-statistic for testing H : 81 = 0 for a straight line. Prove
By~ = e (F0 )
T0—-T=——"—(To—T
0 Ftn—2) 0

Solution: %0 —-T= (ao - 61?) - = Eil (YQ - ?) = Eilzl (EE\Q - f) = ’I”Q(EC\Q - f)

p_ (SSEm —SSE)/1 _ TSS—SSE _ 1-(1-r’) _ (n-2 _ ,_ F
T U SSE/(n—-2)  SSE/(n-2) (1-r2)/(n—-2) 1-r2 " T Fym-2)




e Replicated prediction. Suppose we have m replications Yp; (7 = 1,...,m;m > 1) with sample mean
Y, at the unknown value = = z¢. Let U = (Y —Y) — (zo — T)51, then it variance is

20— 7) ]_UQU

var(U) = o2 [1 +1+Z((xl_$>

If the two estimated variances are

n m

Vi = Z [Yi ~Y - By (x _j)r =SSE, V= Z(Yoj —?3),

i=1 j=1
then U, V1, and V; are mutually independent and hence

(n—2+m—1)32_V1+V2 9

2 - 0_2 ~ Xm+n73 .

o
Therefore, the t-statistic is given by

U/oy _ (Yo—Y) — (x0 *5)31

T= S/U :| 1/2 ~ tn—i—m—?)

)2

141 (o)
S m+n+2(oz—x)2

and solve T? = F{*, s wr.t d = o — T to obtain the CI for .

Comparing Straight Lines
e Suppose that we wish to compare K regression lines
Y=ar+Brr+e, k=1,... K,

where E(e) = 0 and var(e) = o2 (same for each line). If we are given ny, pairs of observations (z;, Yi:)
(i=1,...,nk) on the k-th line and let N = Zszl ny, then we have the model Yi; = ap+ BT +€ri, 1 =

1,...,ng, where e; g N(0,02) or € ~ Ny(0,02Iy). Then we have
Yi1 10 -~ 0 21 0 --- 0
Yin, 10 -+ 0 @ip, 0 -+ 0
Y=| o= oo (g)+e=X7+e,

YKl oo --. 1 0 o --- TK1 ~——

2K
Yicn 00 - 1 0 0 - Zgn,

Nx2K

where a = (ay,...,ax) and 8 = (51,...,B8k)". Thus we can test any hypothesis of H : Ay = c.

e Test for parallelism. Suppose that we wish to test whether the K lines are parallel; then Hy : 51 =
- = Br(=B) or Hy : B =1k B; in the matrix form this is

0 - 010 -+ 0 -1
0 - 00 0 0 -1 /g
S (ﬁ)ZAn:(L
0 - 000 -~ 1 -1

(K—1)x2K



with rank(A4;) = K — 1, so that the F-statistics is given by

(SSEp, — SSE)/(K — 1)

F = ""SSE/(N = 2k)

To obtain SSE,, when H; true, the design matrix, X; say, is obtained by simply adding together the
last K columns of X. That is, the model reduces to

1 0 - 0 11
10 -+ 0 zip,
o
Y= : <ﬁ)+€=X1’71+6-
00 - 1 ax | =%
K+1
0 0 -+ 1 Zgng
N x(K+1)

e Test for coincidence. To test whether the K lines are coincident, we consider Hs : oy = -+ = ag (= «)
and f; =+ =Bk(= ) or Hy: a« = 1ga and B = 1xf; in the matrix form this is
10 - 0 -1 050 --- 0 0
o1 - 0 -100 -- 0 0

0 0 1 -1 0 0 0 0 a

0 0 0 10 0 -1 (g)‘A”_O’
0 0 0 0 0 1 0 -1

oo -0 0 0O - 1 -1

(2K —2)x2K
with rank(A4s) = 2K — 2, so that the F-statistics is given by

(SSEp, — SSE)/(2K — 2)

F= SSE/(N — 2K)

To compute SSEj,, the design matrix for Ha, X», is obtained by adding together the first K columns
of X and then the last K columns, i.e., the model reduces to
T11
«
Y=|: <ﬁ)+e:X272+e.
1 I’Knk SN~
2

N x2

In practice, we would probably test for parallelism first and then, if H; is not rejected, test for Ho
(given that Hj is true) using

SSEg, — SSEux,)/(K — 1)

_(
F= SSEy, /(N — K — 1)

If this is also not significant, then we can check this nested procedure using the F-statistic for testing
H, (without the restriction of Hy) as a final test statistic.



e Test for concurrence with x-coordinate known. To test Hs that all the lines meet at a point on the

y-axis (z = 0), that is, Hs : aq = -+ = ax (= «), the F statistic is
e (SSEp, — SSE)/(K — 1)
SSE/(N — 2K) ’

same as testing H;. X3 is obtained by adding together the first K columns of X. An estimate «, i.e.,
the y coordinate of the point of occurrence is obtained when the reduced model by Hj is fitted.

e Test for concurrence with z-coordinate unknown (Q4 (c), 2019 Qual). The hypothesis that the lines
meet at x = 7y, where v is unknown, takes form H : oy + By = constant for k =1,..., K. Since H is
no longer a linear hypothesis, we cannot use the general regression theory to derive a test statistic.

e Test for the intersection. Consider two straight lines. We wish to derive an F-statistic for testing the
hypothesis that their lines intersect at the point (a,b). Under this hypothesis, H, we have two models

E(Ykz):b“kﬂk(mkl*a)v k=12, i=1,... ng,

so that least squares estimate of 5; and 2 and ESSy can be obtained by minimizing

2
f(B1,B2) = ZZYkz—b—Bk opi —a)]®.
k=11i=1
Of/0Br =0 (k =1,2) give us
5 2 (Y —b)(2hi — a) _
S s

The F statistic is given by
(ESSy — ESS)/2

F= ESS/(TLl +n274)'

e Test for the horizontal distance (midterm). Consider two straight lines to obtain an estimate and a CI
for the horizontal distance between two parallel lines. Suppose two models with the same slope:

E(Yki):ak+5l’ki, k}:l,2, izl,...,n
and then the point estimate is given by
d=(az—a1)/f = d= (52—51)/3

The least squares estimates of a1, ag, and 8 can be obtained by minimizing

flai, a0, ZZ Yii — o, — Brgg)?.

k=11=1

The three first derivatives equal to zero yield

2 i B
k=12 B= Dbt Py Yii(Tgi — Tp)?
Zi:l S (@ — Tn)?

ay =Yy — BTy,

Suppose U = @y — a1 — dg. Then E(U) =0 and
var(U) = 03 = var[Ys, — Y1, — B(To. — Ty, + d)]
! 1 (o, — 1. +d)? o~

el - cov(V, B) = 0
3! 2 Zi:l Z:L;1 (xki - Ek.)z
2

=0 w

Hence, the confidence limits for d are roots of U? — Ff,, ., 3S%w = 0, where

52— SSExw  _ S S (Yai — @ — Bag)?

_n1+n2—3 ny+ng —3




5 Two Phase Regression

e Consider a linear two-phase model, where it undergoes a change in slope at * = 7. Assuming the
change is continuous, we have the model

. ay+ P, <T
Ely) = {az + fox, x>T’

where continuity requires that aq + 517 = ae + f27 (= 0). Note that v may be (1) known, (2) unknown
but know to line between two observed values of z, and (3) completely unknown. Some say 7 the
changeover point and 6 the changeover value.

e (1) 7 is known. Given ny obs on the first line and ng on the second, the two models can be written as

Yii=o1+ Bz ey, i=1,...,n,
Yoi = a1+ b1y + Pa(re — ) + €2, i=1,...,n9,

where 11 < 12 < T1p, <7 < T21 < Tog < Tap,. Using Yi,x; € R™ and Yo,x2 € R"?, we can write

Y, 1 X1 0 e 61)
<Y2> (1712 ’71712 X2 — Py]-’rLz) g; €2 ﬁ €

(n1+n2)x3
Given a value of v, we can find the least squares estimate ,@ = (&1,31,32)’ . Also, the estimate
0 =a1+ B1y=(1,7,0)3 = a’B3, so that we can construct a CI for a’3 in the usual manner.
Testing H : v = ¢, where 1, < ¢ < %21 is equivalent to testing for concurrence at = ¢ when K = 2.

e (2) Unknown position v but known to the interval with it. In practice v will be unknown but suppose
it is known that x1,, < v < z21, then v can be estimated by

a1 — Q2 ~
Y=—F% % = 7=

B1— P2

ap — Qi
= =
B — B2
where @y, and B are usual least squares estimates. Since the ratio of two correlated normal variables,

we can use Filler’s method for finding a CI for « as follows. Suppose U = (a1 — @) + 7(31 - 32) Then
E(U) = (a1 — ag) + (81 — f2) = 0 and
var(U) = var[(@y — vB1) — (@2 — 7))
=var[Y, — Bi(y — 71)] + var[YV 5 — //5’\1(7 — T9)]
=2 Ry
(v —71) + (v = T2) ] 2

1 1

2

=0 | —+—F = — = o*w
|:n1 n2 2221(-%'11' - 1'1)2 E ?:21(3321‘ — x2)2

as Y, 1L By (k=1,2). Thus, 100(1 — a)% CI for 7 is given by the roots of U? = F,,S%w, ie.,

PR ~ a2 1 1 (y—m)2 (v — )2
- - — Fo 2 - 4 = =
(61 = G2) +f ﬁZ)} L= {nl " n2 " Doty (w1 —T1)? " > iy (12 — T2)? "

where S2 = (Y1 — Y1||2+ [ Y2 — Y2|[2)/(n1 + na — 4).

e (3) v is completely unknown. If ¥ does not lie in the interval (x1,,,221), then the experimenter must
decide whether to attribute this to sampling errors or to an incorrect assumption about the position of
~. When the position of 7 is unknown, the problem becomes much more difficult, as it is now nonlinear.

10



6 Multiple Correlation coefficient
e Consider Y = X +e¢, where € ~ N(0,0%1,). If the model is adequate, then Corr(Y, 17) should be high:
SG-NE-Y)

VI - TS (T - T

Note that ¥ = 1Y /n=1,PY/n=1,Y/n =Y if the intercept is included, i.e., 1, € C(X). Then

DV =M =V) =3 (Vi -V)(Vi=V) =D (i~ Vit

r = Corr(Y,Y) =

)
<>

N

-V)(Yi-Y)= Z(ffi -Y)?
since Y,V — Y;)(Y; = Y) = Y'(I — P)(P — 11'/n)Y = 0. Hence,

>, (Y; — Y)? (Y -Y)* _ [SSReg

\/ZY V)23, (Vi - ?)2_ S, (Yi-Y)2  V TSS

e Suppose E(y) = Bo + Zf:_ll Bix;. Then, the F-statistic for testing Hy : 8; =0 (i=1,...,p—1) is

(SSEm, — SSE)/(p — 1)

B =SS E - p)

Note that SSEg, = mind_,(Y; — 5o)? = >, (Y; — Y)? = TSS, so that

(TSS—SSE)/(p—1) n—pl1—SSE/TSS n—pl—(1—R?*) n—p R?

F= = = = ~Fy i
SSE/(n — p) p—1 SSE/TSS p-1 1-R? p—11-—R2 ‘“rotmop

We reject Ho if F > F* . R® ~ Beta(’5~ L.25P) so E(R?) = p—1/(n — 1) as shown later.

e Change the notation to E(Y) = Z?Zl zjB; = X3 = 0. Define linear subsets

VkZE(ml,...,J}k>, Vk,1 ZE(xl,...,xk,l)

and Yy, = Po(x)Y = P(Y | Vi) and Yy, = P(Y | Vi_1). Further let a3~ = x5, — P(ay | Veo1) = x5 — T,
scé-, called a signal of zj, accounts for the linear relationship between y and xz, beyond these already
explained by x1,...,Zr_1.

Note that Z), € Vi—1 and so - € V;- . Thus, we have

i | = (@i ax) = (2 = T, @i0) = (@0, 25) = (@n, 2x) = (20, 73),

(0, i) ijﬂj,xk = Br(xr, zy) = Brllzt > cay Lag, j=1,....k—1
5 = Oi) G- W) (V=YY (V)
k — k — = =
o 112 o 112 Iz 12 oz 112

since Y =Y eVt = (Y =V,at) = (Y =V, —3) = (Y =Y, 2p) — (Y = Y, Z3) = 0.
o Vi, =Y 1+ Brr and Pocx) = Py + Q1 X2(X5Q1X2) "' X4Q1, where Py = Po(x,), and Q1 = Qe(x,)-
Proof: Tt X petitions X = (X; | X3), then we have E(y) = X181 + X282. Then we have

B = (X341 X2) " X0Quy,  Br = (X1 X1) "1 X[ (y — Xof2),
= Pox)y = X151+ Xofo = Py + Q1X2Bs = [Pr + Q1 X2(X5Q1 X2) "L X4Qu]y, V.

11



Hence, Po(x) = P1 + Q1 X2(X}Q1X2) ' X}Q1. Using this, we have

Ll

PO _ _ i (T, y) ~

Uk = U1 + Quan (2, Q) "' 2).Quy = Yr1 + k|;f”2 ) Jr-1+ Broy
J

We know Var() = 02(X'X)~, that is, cov(ﬁi,gj) = UQ(X/X);]-I. But using the above notation,

cov(F aocov(%m <Y,wf>> , (ehah) _—
iy Pi) —

=0'———"— var(B;) =
w1127 g |12 112l 1127 '

Compared with the well-known result, we have
(et xt)

(X’X)-_.l L U R
Tl Py |12

If z;- is nearly zero, then var(@) is inflated. Since z;- =z, — Pz | Vi—1), if 2 = 0, then x), ~ P(xy, |

i

Vi—1), meaning that xj, can be written as nearly linear combination of z1, ..., zx_1 (Multicolinearlity).

Compare Hy : B = 0 vs Hy : not. That is, the reduced model does not include z. We have
SSEx—1 = lly = G-l = [ylI* = 19e-1l”,  SSEx = lly — Gll* = llylI* — [|7kl®

as (y,7:) = ||9il|?, i = k — 1, k. Hence, the F-statistic for testing Hy is

b (SSEio —SSEW/1 Gl — IGeal® _ _ BRIEEIE B B
SSEx/(n — k) SSE/(n—k)  SSEy/(n—k)  &/[FH? a5

since [|gk||* = |Tk-1* + Bﬁ”x,ﬁ”z by (Gk—1,73) = 0. Further, define R? and R? ;| as
R? =1—SSE;/TSS, i=k—1,k.
and let d = t?/(n — k), then

_ SSE,_; — SSE,,

d
SSEy

so that

R? — R} |, SSEj_; — SSEj d

1-R? | SSEp1  1+4d’

which can be interpreted as the proportional reduction in SSE. We see that when d — 0 (¢ — 0), then
H is not rejected, as Ri — Rifl. Conversely, when d is large, H is rejected and Ry is closed to 1.

If r is the partial correlation of Y and xj, with the effects of x1,x2,...,xr_1 removed, i.e.,

(Y (Y, 2f)
YLzl )Y = Vi |||

r (Y ap) = (YVap) — Ve, ap) = (Yo o),

where Yt =Y — ?k_l S VkJ;l and L,J‘- S Vk{]. Then

o (Voap)?/llag|® _ ESSk—1 —ESSy _ Ri—Ri , d

1Y — Vi1 2 ESSj_1 C1-R2 1+4d
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7 Partial Correlation Coefficient (PCQC)

o Let V= L(~x1,...,2x). lf vy ¢ V and vy ¢ V, the partial correlation coefficient (PCC) for v; and vs
with z1, ...,z removed is given by

(v1 = P(v1 | V),v2 = P(v2 | V)) (vi-, v3)

r T = =
et oy = Ploy | V)[[llva = Ploz [ V)T o[l |7

which is undefined otherwise (v; € V or vy € V) since v} becomes 0.
— Note that PCC is independent of the lengths of v; and vs.
— We say the notation 7, 4,.4,,...,z, is of order k.

e Let I and J are two sets of indices such that J C I. Specifically, WLOG. suppose I = {3,4,...,k} and
J={4,...,k} and define V; and V;. Then

) T12,0 — 13,7 23,7
12,1 = 5 5 .
\/(1 —riz ) (1 — 7’23,.1)
Proof: Use the fact that (xﬁ;,xl) = (acf;,xl) and P(x; | V) = P(x; | Vy) + Qaxs(25Qs23) tohQs;.

%

e True or False. The value of the partial correlation of two regressors in a standard linear regression
model is not larger than their simple correlation value. Answer: False; correlations can be negative.

8 Polynomial Regression

e Orthogonal Polynomial. Consider the model

Yi = v00(zi) +v1d1(2i) + -+ + yedr (i) + €,

where ¢,.(x;) is an rth degree polynomial in x; (r =0, 1,...,k) with orthogonal constraint
> n(@i)ps(z:) =0, r#s.
i=1

Then Y = X~ + ¢, where
do(x1) -+ Pr(w1)
X = nx (k+1),
so that from 7 = (X' X)~1X'Y, we have
o i@y,
D iy B3 (wi)
which holds for all k. The orthogonal structure of X implies that the least squares estimate of v, is

independent of the degree k of the polynomial. Since ¢o(z;) is a polynomial of degree zero, we can set
¢o(x) =1 and obtain 55 = Y. Using this, the residual sum of squares is given by

SSEp;1 = (Y — X7)'(Y — X7)
=Y'Y -2V’ X7+ 7 X'Xy
=YY -7X'Xy -X'X7=XY

k n
-Se YY)

r=0 Li=1

k n
YIRS 9P 2

r=1 Li=1

=0,1,...,k,

13



If we wish to test H : v, = 0, then

k—1 n
SSE, =Y (i -Y)?2 - lz qﬁ?(mi)l i

A r=1 Li=1

> ¢i($z‘)] Y

= SSEp41 +

i=1

and the F-statistic is

5o (SSEx —SSEw)/1 [, Sl i
B SSEkH/(n— k— 1) B SSEkJrl/(n_ k— ].)

The problem is how to choose the degree, K.

Equally Spaced x- values. Suppose that z-values are equally spaced so that they can be transformed to
z=i—(m+1)/2, i=1,...,n

Then we have the system of orthogonal polynomials. Suppose that n = 3 (up to 2 degrees). Then
i =—1,0,1, go(z) = 1, ¢1(x) = Mz = 2, 2(x) = Aa(2? —2/3) = 322 — 2, where \; and A, are chosen
so that the values of ¢, (z;) are all integers, and the fitted polynomial is

f(x) = Bo+ Bz + 32(396‘2 —-2).

Fractional Polynomials. This was proposed by Royston and Altman (See an attached paper). A
reasonably adequate set of powers to consider are

1 1
{—27—1,—2,0,2,1,2...7max(3,m)}.

See HW2 Question 4 for more detail.

Piecewise Polynomial. Sometimes a polynomial fit is unsatisfactory even when orthogonal polynomials
up to, say, 20 are fitted. One symptom is the failure of SSE to settle down to constant values as k
increases. Another symptom is the behavior of the residuals by a residual plot, where r; = Y; —Y; versus
x; will continue to exhibit a systematic pattern instead of a random one. An alternative approach to the
problem is to divide up the range of x into segments and fit a low-degree polynomial in each segment.
The most useful method employs the theory of spline functions.

— Spline Functions. Define the spline function s(z) of order M (degree M —1) with knots &1, ...,¢k
(&1 < -+ < €k) and having domain [a,b] (—oo < a < &, {x < b < 0) to be a function with:

1. In each of the intervals, s(x) is a polynomial of degree M — 1 at most.
2. s(x) and its derivatives up to order (M — 2) are continuous.

The cubic spline (M = 4) is a satisfactory function for fitting data in most situations, and then
second-derivative continuity is usually adequate.

— Smoothing Splines. We want to avoid the problem of knot selection completely by using a maximal
set of knots. The first idea would be to use the least squares criterion of minimizing SSE(f) =
SilY: — f(@i)]?. Yet, this could lead to overfitting; the piecewise linear graph would not be
smooth, as its derivative does not exist. What we would like to do is impose a penalty function
that measures the degree of roughness. We also could use the second derivative f” for our measure
not to be affected by the addition of a constant or a linear function. Combining the two ideas of
least squares and roughness leads to the criterion of finding f which minimizes

b
Penalized SSE(f) = Zm — (@) + A / [f"(t))dt

K3

= Closeness of fit + Smoothness.

14



If a smoothing parameter \ is zero, then f is just the SSE, leading to a wiggly or rough graph. If
A= o0, f” =0 and we get the least squares fit of a straight line. As \ ranges from 0 to co, f can
very from very rough to very smooth.

9 Hypothesis testing with less-than-full-rank X

e Suppose Y = 0 + ¢, where 0 € 2 (an r-dimensional subspace of R"), and wish to test H : 6 € w, where
w is an (r — ¢)-dimensional subspace of 2. When H is true and € ~ N,,(0,021,,), then the F-statistic is

(SSEy — SSE)/q Y'(Po—P,)Y/q  €(Po—P.)e/q

F = SSE =) ~ Vi, = Po)Y/(n—1) & = Pa)e/(n—7)

~ Fyn—r

since, under H,
- PQQ = Pwe =0 = (PQ - PW)Y = (PQ - Pw)(é) + 6) = (PQ - Pw)ﬁ and (In - PQ)Y = (In - PQ)E

— Po— P, IL I, — Py and € ~ N,(0,02I,) = € (Pq — P,)e and € (I,, — Pq)e are independent x>
distribution by Craig’s theorem with Var(e) o I,,.

e In one-way ANOVA:

Y11
' @
Yin, 177,1 177,1 0 et 0 7_1
= s = Xp
Yk1 1nk 0 O e lnk T
: Nx(k+1)
Ykng,
———
Nx1

If Zle ¢;T; is estimable, then we only focus on estimable functions. Thus, we want to identify them.

e Let Y = X + € and the error has the usual assumptions and rank(X) = r(< p). Find H such that
Hp =0, where H € R?=")*?_ H is called identifiable constraints. Suppose that rows of H and rows
of X are all linearly independent, Let G = (X' | H') : (n+p—7) x pthen GG =X'X + H'H.

(i) G'G is invertible. Proof: Since rank(G) = p, G has full column rank, i.e., G’G is nonsingular.

(i) X’X(G'G)"*H' =0. Proof: G'G(G'G)™*H' = H' = X'X(G'G)"*H' = H'[ - HG'G)"'H'| =
X'X(G'G)"*H'a = H'(I - H(G'G)"'H")a = 0, Va by assumption (C(X")NC(H') = {0}). Hence
X'X(G'G)"'H' = 0.

(iii) H(G'G)"*H' = 1. By (ii), H'(I — H(G'G)"*H')a = O, Va. Since H has full row rank, (I —
H(G'G)"H'Ya=0= H(G'G)"'H' = I.

(iv) (G'G)~! is a g-inverse of X'X, (G'G)™! = (X'X)~. Proof: By (i), X'X(G'G)"'X'X =
X'X(G'G)" (GG - H'H) = X'X - X'X(G'G)"'H'H = X'X.

(v) E(B) = . Proof: E(B\) = (X'X)"X'XB=(G'G)"Y(G'G - H'H)j3 = 3 since H3 = 0.

e Thus, even if X has less than full rank, the model with constraints HS = 0, i.e.,

(- ()s-

has a unique 3, which is unbiased for  because G is nonsingular.

15



10 ANOVA in Seber’s textbook

e When the regressors are qualitative so that indicator variables are involved (taking values 0 or 1), then
we refer to the model as an ANOVA model.

e In ANOVA, if we begin with E(Y) = X = 0, where 6 € 2, then we find a matrix X s.t. this space
is C(X). Such a representation is not unique, as § = X3 = X B~ B = Xp~, where B is nonsingular.
The choice of X 5 depends on which linear combination of the 4’s (i.e., ) we are interested in. Typically,
we are interested in the individual §; or in contrasts ), ¢;3;, where Zj ¢;j = 0 such as 1 — Ba.

e Consider Y;; = p1; + €5, i =1,...,a, j =1,...,n;, where the error term are normal. Let n =" | n;
If we wish to test H : u3 = g = -+ = py (= p, say), then § = Xypu = 1, u. Hence the F-statistic is

(SSEg —SSE)/(a—1) _ >,n (Y ~Y ) a-1) _ S}
SSE/(n—a) 3,2 - Y/ (n-a) S

when H is true, where a — 1 means the difference in ranks or # of parameters between X and Xy and

R 5D DUTRE AT 3) IR T S
[ 7 1 7

i

F=

~ Ph—Ln—m

as fi; = Y; on Q and [i; = Y under H. We can also express F' = §%/S? with E(F) > 1

e The hypothesis H can also be expressed in the form H : yu; —u, = 0,9 =1,...,a — 1, i.e., we have
k — 1 contrasts o; = p; — e Putting pg, = p, we have Yj; = p+ o; + €55, or Y = Xy + €, where
v = (p,a1,...,04_1) and X; is of rank a with H : a; = -+ = cg—1 = 0.

e Other reparameterization are to define o =, p;/k or =3, njp;/n.

e Exercise. Find E[)", Z(?z —Y )} and E[}, > (Vi — Yi)?].

Solution: Q1 =3;>; (Y —Y )?=Y'AY, where
1,1/ 1, 1 1,1
A:diag( L “")— n
ni Ng n

is symmetric and idempotent with rank(A) = tr(A) = a — 1. Hence,

E(Q1) = o?(a— 1)+ [Y/AY]YU:M
2
= a0+ Y (ul ,)
LikeWiSe, QZ = Zi Z] (YL] — ?Z)Q = }//B}/7 where

. 1n11; 1na1%
B =1, —diag L &

ni Ng

is symmetric and idempotent with rank(B) = tr(B) = n — a. Hence,

E(Qs) = 0%*(n—a)+ [Y'BY]y Yij=p: = =o%(n —a).

e Confidence Intervals. Consider one contrast § = >, c;u;. Since 1i; = Y; and var(0 ) o2y 3 /n;,
a 100(1 — a)% CI for 6 is given by

1/2
ZczY :I:ta/2 <ZTCL’2> s.t. ZciZO
g i

i

where S? = SSE/(n — a).
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— If we are interested in k contrasts, the Bonferroni intervals are given using ¢, o/ (Qk).

— If we are interested in all possible contrasts, then Sheffe’s method is appropriate. Since H can be
expressed as ¢; = p; — g =0 (i =1,...,a— 1), set of all possible linear combinations of ¢; is the
same as the set of all possible contrasts in the p; . Hence, ¢’ lies in the interval

1/2
2
Zcivi_ Lla—1)F |, J"Y?S <Z Z) , Ve st Ue=0.

i
with an overall probability of 1 — a. H is rejected iff at least one of these Cls does not contain 0.

— Tukey Method. Some of the above CIs can be quite wide. If we are interested in just the set of
pairwise contrasts p, — s for all 7 and s (r # s), then the Tukey intervals are given by

- - 1/1 1
YT, - YS_ + qun_aS 5 <m + ns),
where ¢g',,_, is the upper « quantile of the Studentized range distribution.

— If the sample size are all equal (n; = n), then the simultaneous CIs for all contrasts > ;| ¢;p; is
|c7| S
ZC7Y iqan a\ﬁz *Y iQan af (CT:L 68:71)'

e So far, we assume that o2 is the same for all the populations. Sheffe concluded that any heteroscedas-
ticity of variance does not affect the F-test if the design is approximately balanced. However, the
confidence intervals are not so robust against variance differences.

e Miscellaneous Exercise 8.2. Let Yj; = p+a; +¢€; (i =1,...,a;5 = 1,...,n), where >, d;o;; = 0
(>°;d; #0) and E(e;;) = 0. Find the LS estimate of 1 and «.

Solution. Using the Lagrange multiplier, we define

/.L,Ozl ZZ ij — M — az +)\Zdaz
= af/aﬂ__QZZ ij z

=  Of/day = _22 Yij — pt — ag) + M.
J

Both first derivatives zero leads to
DA =AY di=2) Y (Viy—f-a)=0 = A=0.
i i i g

Then Zj}/ij —nﬂ— nai =0 => az 2?1‘, —ﬁ and by szzal =0, [/L\: Zdz?z/zdz
e Consider a two-way ANOVA model
Yijk = pij + €ije = p+ a; + B + (aB)ij + €ijn
fori=1,...,a,5=1,...,b,and k=1,...,n;4. Let n = Z :n;5. On the whole space, the least square
estimate of [ij can be estimated by minimizing )", Z Ek( ik — Hij)%, which leads to fi;; = Y.

Then F-statistic for testing H : u;; = p for all ¢,7 is
(SSEx — SSE)/(ab—1) 232, mii (Vi —Y.)%/(ab—1)  $2
SSE/(n — ab) S, S Yagh — Vo 2 (n—ab) S

when H is true, as [i;; = Y  under H.

F = ~ Fabfl,nfaba
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e Missing Observations. Since unbalanced designs are problematical, a sensible approach might be to use
a balanced design with some missing obs. The idea is to put in suitable estimates of the missing values.

Yi X1
Y = <Y2> = (Xz)ﬁ—Fe:Xﬁ—i-e,

where X has full rank. Suppose that the obs Y; are missing. For the data observed, the LS
estimate of B is 8 = (X]X1) 'X1Y;. Let Yo = X53. Show that 3 can be obtained by applying
least squares to the observed data augmented by Ys and the regression matrix X.

Solution: We have X} X138 = XY, and X}Xo8 = X}Y,. Adding them provides

— Exercise.1 Let

. - _ %
(XIX + XoX)F = XYy + X437 = X'XB =X’ (5).
2

— Exercise 2. Suppose a one-way classification E(Y;;) = u; (i =1,...,a;5 = 1,...,n), and Yy, is
missing. Prove that the estimate of Yy, is the mean of the remaining observations of the mean .

Solution. From the above perspective,

a—1 . a—1

~ Y, +Y, —~ Y,

oy, (T Yt Ye o SVe
n n—1

e ANCOVA. A general ANCOVA model takes the form
G:E|Y]=Xp+Zy=(X, Z>(§> = Wa.
Exercise 8.3. Let Yiji = 1ij + VijZijk + €5k, Where i = 1,...,a ;5 =1,...,b ;k = 1,...n; and the
€iji ~ N(0,0%). Obtain a test statistic for testing H : v;; =« for all 4, j. Solution: Below.

SSEp — SSE)/(ab — 1)

_
F= SSE/(abn — 2ab)

11 ANOVA in class

e Confidence intervals for 02, 02, and ICC in a one-way random effect model. Assume 7; ~ N(0,02)

— For o2, since SSE/o? ~ Xi(n—l)’ 100(1 — @)% C.I for o2 is given by

SSE SSE SSE
Xi(”*l)ﬂ/Q < ) = Xi(nfl),lfa/Q = 2 < o? < S
Xk(n—1),1—a/2 Xk(n—1),0/2

— For the variance component o2, although we have
E(SSTr) = (k —1)(no? +0?) = E(MSTr) = no? + o*

and hence

n s

5 (MSTr - MSE) )

MSTr — MSE does not have an exact distribution. Thus, we cannot construct a CI for o2 unless
the bootstrapping is used.
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— For the intraclass correlation coefficient (ICC), we first need to verify

SSTr 5

BRSNS
no2 + o2 k=t

from 7, ~ N(u,0% +0?/n), i =1,..., k. Thus, we obtain the F statistic with ¢ and o2:

SSTr/(k — 1)/SSE/(nk —k) MSTr o2
= = ~ Fi_1 k(n-1)-

no2 + o2 o2 ~ MSE no2 + o2
Use the fact to construct a 95% C.I. for ICC as follows:

MSTr o2
F <= -
k—1 k(n 1) a/2 — MSE TLO'2 + 0_2

1 (MSTI‘ 1 1> < Oi_ < l <MST1" 1 1)
n \ MSE Fj_1 ktn—1),1—a/2 ~ 02 7 n \ MSE F_1 kn—1),a/2

Let £ = LHS and © = RHS,

<

=

—1,k(n—1),1—«a/2

2 2
Lo Itu oo 140 0 eec

1
£< <u = - .
=z = =7 w o2 Sy 11¢= 7" =114

s -

SRS
‘Q
SIS

Q
SN

e Meaning of the C.I. for ICC for a public health official (Q2 2019 Qual): Evaluation of Cluster Effects:
Public health studies often involve comparing data from different clusters (e.g., regions, healthcare
facilities, schools). By calculating the confidence interval for ICC, you can assess how significant the
variation between different clusters is. This is particularly useful when comparing the effectiveness of
different intervention programs across various clusters.

o Test statistic for a one-way unbalanced ANOVA: y;; = u; +¢€;,i=1,...,kand j=1,...,n,. Let

n; A
N= an, 7, = Znylg’ 52M7 ﬁ:w’

then SSTr can be written in a quadratic form as follows.

=y'Ay,

k k )2 S g)2
o1 = 3 gt - vy = 3 Zus)  (Em)
i=1 i=1 v

where y= (ylla'"aylnu"'ayk17"'7ykn1)/ GRN

1711 1;L1 1”"1\‘1(”4};) o 1NllN c RNxN

A = diag e
g’( ny ng N

Let = (11, ..., uxll,) € RN, then since yi; ~ N(pi,0%) = yij /o ~ N(ui/o,1),
v=Y ~ N@,1y), where g=*~.
o o

Furthermore, A is clearly symmetric and idempotent because

1,1/ 1,1/ 151 151’
A2 = di T e N = A
1ag< n "o N + N
Hence,
SSTr _,
— =Y Ay ~ x}(6),
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where

1,1/ 1,1, 151/
r:tr(A):tr[diag( L. ")}—tr( A]TVN>:]€_1

ni s

_ Zf:l ni(pi — ﬁ)z )

o2

SSTr
T2

§=pAR=5Ay| _ -

y=n
Next, for the denominator of the test statistic,

SSE Zz 12] V(Wi —7)?

o2 o2

2
~ Xn—k(0).
Hence, the test statistic is given by

SE/(—1) _ MSTr iy ma(p — 1)
SE/(N—k) MSE ~FRATR o2 '

Note that § = 0 under Hy : u; = p, Vi (p; is assumed to be fixed).
The power of the test for Hy : p; = p, Vi vs Hy : not (fixed effects model).

MSTr I—a
a=PF <MSE >Fe Nk

MSTr

MSE ™ Fr—1,n-1(0).

Hy : 50) , where

where F,_1 N—k,1—« is an upper critical value of a central F' distribution with k¥ —1 and N — k degrees
of freedom at «. Then the power 1 — (3 is expressed as

MSTr

. MSTr
1-g=P ( NSE > Fy Py MSE

H1 ) 75 0) 5 where MSE ~ kal,ka((S»

The power of the test for Hy : 02 = 0 vs Hy : 02 = 0 (balanced mixed effects model). We have

SSTr 9 SSE 5 . Fo MSTr o2 r
no2 + o2 Xe—10 "3 (n=1)k ~ MSE no2 + o2 k=1, (n—1)k:
Let V = 02 /02 (called the variance ratio). We can rewrite this as

MSTr
MSE

~ (1 +nV) Fe 1,1k

Under Hy : 02 = 0, or equivalently V = 0, we have

MSTr MSTr 1—
7MSE ~ Fk:—l,(n—l)k = o = P < MSE Fk {X(n 1k ’ Ho) 5

On the other hand, under H, : 02 = 02, or equivalently V =1,

MSTr (4 IF; 1 MSTr
MSE V" F=1,(n=1k n+1 MSE

~ Fp_1,(n-1)k-

It follows that the power is

MSTr —a
1_B:P<MSE >Fk71,(n71)k ’ Hl)
1 MSTr 1
—p Fl-o ‘ H ).
<n+1 MSE ~ nt 1 k-Ln=Dk 1>
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e Studentized range interval. Studentized range distribution is defined below. Let Z1,..., Zx be iid
Z(0,1) and let U ~ x2,(0) and suppose U 1L Z; (i =1,...,k), then
max M ~  Qron-
1<iztj<k ,7U/7’n, c,m

Consider one-way balanced ANOVA. Since ; ~ N(a;,0%/n),
Vg, —Y; - (i —aj)l|/o —  max Vg, —Y; - (i — )|

15?;?;(31@ S/o T I<iAi<k g ~ dk,k(n—-1)>
where S = SSE/(kn — k). Thus, the test statistic for testing H : oy = -+ =« is
Vnly; — ;]
M = vy g g3 ~ 1.
151;?;(51@ g Gk k(n—1)

For 100(1 — )% confidence interval for a; — ¢,

Vg, —7; — (i — o)
N p— < g%
L-a="pr (1<r?7%?(<k S = Qi k(n—1)
S

=P (17~ 7 = (0 = )l £ a1 5145 <K)

. S . S .
= Pr (yz —Y; _qk,k(n—l)ﬁ Sai—a; <Y —Y; +qk,k(n—1)ﬁ7 1<i#j< k)

leads to
_ o S L,
o — o €Y, — Y, iqk,k(nq)ﬁv 1<i#j<k.
e Lemma. Let aq,...a;r be numbers. Then
k
.. by, lci
la; —aj| <b, Vi,j < Zciai < % s.t. Zci =0.
=1 7
Proof: = is hard. < is easy, just take ¢; =1 and ¢; = —1,
e Using this lemma, we obtain the general CI for Zle Ci0y:
Vg, =7 — (i — a )]
]_ — = P J < (0%
« T (Krg?j?ik 5 = Gk k(n—1)

_ _ o S .
=P (1= ) = 7, — )l < agu e Vind)

k
(S| < Elole S s
= U — ;)| < 9 qk’k(n_l)\/ﬁ, s.t. Zcz_

i=1
k

k
S > e
Z(Jiai S Z CilY; + (]?’k;(”_l)% 212| ! , s.t. Z c;i = 0.

i=1 i=1 i=1

so that

o (HW4): We consider a four-way mixed ANOVA:
Yijkim = b+ o + B + v + 01 + (aB)ij + (y)ir + (@) + (B7)jk + (8) 1 + (V) ki
+ (afy)ijr + (@B6)iji + (ay6)ing + (B76) jrt + (BY8)ijr1 + €Gijhiym,
fore=1,...;a, j7=1,...,b, k=1,....¢, 1=1,...,d, m=1,...,n. Further, let
d =a-1, V=b—-1, d=c—-1, d=d-1, n'=n-1

The important point is that fixed effects appear in its own term only, while random effects are present
in all terms with their factors.
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44

12 Factors A, B, C are fixed and Factor D is random.

Model Term Factor Expected Mean Squares
2 %
o A, main fixed effect o? + naiﬁ,ﬂ; + cenolgs + bnagm; + beno? s + %2
. any. B2
Bj B, main fixed effect o+ ”Uiﬁyé + cnaiﬁé + anagw + acnaga + acnb%
2
Vi C, main fixed effect o? + naiﬁ,ﬁ; + bnaiw + anagw + abna?y(; + abdncim
0y D, main random effect o + noiﬁwS + cnaiw + bnaiwS + av;w%wS + bcnai5 + acnagg + abna%(S + abcnag
. . dn'S. (aB)?,
(aB)ij AB, 2-factor fixed interaction 0% +n02g,5 +Cnolss + Zdnza";%m’:
(oy)ik AC, 2-factor fixed interaction 0%+ naiﬁwS + bna?mts + %
(ad)i AD, 2-factor random interaction 0% +n0% 5,5 + N0l g5+ bnod s 4 benols
. . dn’y . (BY)3
(B7)jx BC, 2-factor fixed interaction 0%+ noiﬁmS + anagw + %
(86) 1 BD, 2-factor random interaction 0%+ ”Uiﬁyé + cnoggs + anagw + 11071chs
(Y0) ki CD, 2-factor random interaction 0% +n0lg, s +bnol s +anog s +abnos
(aBY)ijk ABC, 3-factor fixed interaction o2+ naiﬂwS + %
(aBd)iji ABD, 3-factor random interaction  ¢° +nol g 5+ cnol s
(ay0) ik ACD, 3-factor random interaction ¢ +no’ g 5 +bnol s
(B70) ki BCD, 3-factor random interaction 0%+ nofw,ﬂ; + ana%,yé
(aBv0)ijki gBCD, 4-factor random interaction Uz + naiﬁwS
€Gijkl)m Iror g
Hy Test Statistic Exact/Approx. Distribution
a; =0,Vi MSA / MSAD Exact For arar
,Bj = O,Vj MSB / MSBD Exact F‘b/7 b d
Ye = O,Vk MSC / MSCD Exact F‘C/7 o' d
2 _ MSD MSD 4 MSABD + MSACD + MSBCD
05 =0 MSAD + MSBD + MSCD - MSABD - MSACD - MSBCD + MSABCD °' MSAD + MSBD + MSCD + MSABCD Approx. F
(aﬁ)ij = O,Vi,j MSAB / MSABD Exact Fa’b’, a'b’d’
(ay)ir = 0,Vi, k MSAC / l\/l{/lsslng SAD 4 MSABCD Exact Foo, arca
2 +
Oas = 0 MSABD F MSACD - MSABCD °' MSABD + MSACD Approx. Fix
(ﬁ’y)jk =0,Yj,k MSBC / MSBCD N Exact Py yerar
2 L MSBD MSBD + MSABCD
055 =0 MSABD + MSBCD - MSABCD © MSABD + MSBCD Approx. F
025 =0 MSACD + MSBOD T MSABCD OF ﬁggggﬂf/gggg Approx. F
(Oéﬁ')/)ijk = O,Vi,j, k MSABC / MSABCD Exact Fa’b/c/, a'b’c'd’
0’365 =0 MSABD / MSABCD Exact Fa’b’d’, a’b’e'd!
0-121”/6 = MSACD / MSABCD Exact Fooa, aved
0-[23’)’5 = 0 MSBCD / MSABCD EXaCt Fblcld/7 a'b’c'd
03676 = 0 MSABCD / MSE EX&Ct Fa’b’c’d’, n’abed




13 Satterthwaite Approximation

e In more than 2-way ANOVA with random effects, some F-statistics have no exact F' distribution, as
both denominator and numerator have a linear combination of independent x? distribution. Then
Satterthwaite Approximation can be applied to obtain their asymptotic distributions.

* Suppose X; ~ X7, and X; L X, 1 <i s j <k Let X =370, a;Xi, a; > 0 and define X ~ e} (0).
(] E(XZ) =7T; and E(X) = cr = Zf:1 a;r; = cr.
b Va‘r(Xi> - 2Ti and Var(X) = 62(27") = Zle 20/127'7; — 2C27‘. Hence,

2
k
k k ko o k S
a;r; -2 ATy ( =1 "t
ari=c*r=clery=cy air; = c= Liz1 GiTi r= 21 = .
7 k o ’ I k 2
i=1 i= Die Qi Dis1 07T

e Apply this theorem to the ANOVA setting:

SSX,’ T’iMSXi 2
o2 g2 =Xi ~ X

We are interested in X = 1" MSX,.

so that
c Zf 1 a2r2 Zf:l 0?/” ~ &= Zf:l MSX?/“
Zf—l air; Zf:l o? Zf—l MSX; 7
(Zz—l am) (Z?—l ‘72) (25:1 MSX!)
r= T = = = —
Dim1 QT > im103/Ti > im1 MSXG /i
14 Bias

e Here, suppose € ~ N,,(0,021,).
e Underfitting. Consider
True model (G): E(Y)=Xp+ Zv =W,
Working model (R) : E(Y) = Xp.
Then the least square estimate is B = (X’X)71X'Y based on the postulated model.

(1) B is biased. E(B\) = (X'X)'X'E(Y) =B+ (X'X)"1X'Z~y # B unless X'Z = O (i.e., the columns
of Z are orthogonal to the columns of X) or v € N(X'Z).

(2) Var(B) is correct (same as the postulated model). Var(B) = 02(X’'X)~!, as Z is also fixed.
(3) S? is an overestimate of o2 (biased).
E[(n - p)S*] = E[Y'(I, = Px)Y] = 0*(n —p) + E(Y)QxE(Y) = 0*(n —p) +7'2'Qx 27

'Z'QxZ
2 XZQXAY 2 gy r0

= E[S? = o

unless Zv € C(X), when we write Zv = Xa and hence QxZv = QxXa = 0.
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(4) Fitted model (not prediction) and the observed residual vector are biased.

E(Y)=PxE(Y)=P(XB+27)=XB+PZyv+XB+Zy - Zv¢ C(X)
E(e)=(I—-Px)E(Y)=I—-Px)Zy#0 - Zv¢C(X).

(5) Var(e) is unchanged. Var(e) = o?(I — Px), which is the same if the postulated model is used.

(6) The prediction mean is biased. Suppose that we wish to predict Y at wg = (x{, 2{,)’, where only
g is observed.

~ ~

E(B) = xpf+26(X' X)X Z,

= a’jé
E(Yog) = wyE(8) = 48 + 2(7-

(7) The prediction variance is smaller than (or equal to) the true prediction variance.

var(Yog) = 0w} Var(8)wy

_ 2(/ /) (XIX)_l—FLML/ —LM )
— 7\ -ML M

= o?[2p (X' X)) oo 4 (L'wg — 20)' M(L'zo — 20)]
>var(Yor) M > O

20

with the equality iff 29 = L'z, which could happen.
e Overfitting. Consider

True model (R): E(Y)= Xg,
Working model (G): E(Y)=Xg+ Zy = W§,

Then the LS estimate is

() ()

based on the postulated model.
(1) Bg is unbiased. Since E(g) = (Z'Qx2) 1 Z'QxE(Y) = (Z'Qx2)~1Z'Qx XB =0,

E(fe) = (X'X)'X'[E(Y) - 0] = (X'X) ' X'XB = 8.

(2) Var(Bg) is inflated.
Var(Bg) = o2[(X'X) "' + LML = Var(8) -~ M = O,
so that var(Bg:) = 02(X'X);:' + 02(LML");; > var(B;).
(3) S? is an unbiased estimate of o2.
E[(n —p)S*] = E[Y'(I, — Px)Y] = 0*(n —p) + 8/ X' QwXB = o*(n—p) = E[5*] =0

since (QW'VV = (I — Pw')(X | Z) =0 = QwX = 0.

(4) Fitted model (not prediction) and the observed residual vector are unbiased.

E(Y) = E(XBe + Z3¢) = XE(Bc) = X8,
E(e) = E[Y — (XBa + Z7c)| = XB— XB =0.
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(5) Var(e) is attenuated. Compare Py and Px.

Py =WWW)"'W' = (X | 2) ((X’X)1 + LML LM) (X)

ML M A
= Px + (XL - Z)M(XL - Z) = Py
so that apparent Var(e) = o2(I,, — Pw) < 0?(I,, — Px) = true Var(e), which means overfitting.

(6) The prediction mean is unbiased. Suppose that we predict Y at wg = (z(, 2()’, which is observed.
E(Yoq) = E(wd) = 2,E(Ba) + 20EFa) = ©48 = E(Yor)-
(7) The prediction variance is larger than (or equal to) the true prediction variance.

var(Yog) = 0w} Var(8)wy

T (X'X)"' + LML —LM) (o
=0 $07ZO 7ML/ M %

= 0% (2 (X' X)) oo 4 (L'wo — 20)' M(L'2zo — 20)]
>var(Yog) M= O
with the equality iff 29 = L'zg, which could happen.
e In summary,

— Underfitting gives a biased estimate of 8 and o2, but correct variance of estimate of 3, while
overfitting gives an unbiased estimate of 3 and ¢2, but inflated variance of estimate of /3.

— Underfitting leads to a biased residual vector but its variance is unchanged, while overfitting gives
an unbiased residual vector, but its variance is attenuated (i.e., overfitting).

— Underfitting introduces bias but reduces the variance of 37'0, while overfitting provides unbiasedness
but increases the variance of Yj.

Band $2  Var(B) e Var(e) Yo Var(Yp) vs truth
Underfitting ~ Biased  Correct  Biased Correct Biased  Smaller (better)

Overfitting ~ Unbiased Inflated Unbiased Attenuated Unbiased  Larger (worse)

15 Residuals and Hat matrix diagonals

e We begin with the usual model Y = X3 + ¢, where X € R"*P of rank p and Var(e) = E(e€’) = 0°1,.

e The major tools for diagnosing model faults are the residuals. Here the projection matrix is often
denoted by H rather than P.

e Let H = (hi;) and h;; = h;. Important properties are:
— 1/n < h; < 1. First, show h; > 1/n. WLOG, consider Y = X8 + ¢, where X = (1 X,), i.e., with
intercept and after centering. Then

11 1 1
H=XX'X)"'X'"=—4+X.C'X! = h=cdHe=~+(x;—7)C  x; —7T) > —,

n n n
which implies that h; is a measure of how outlying the ith data point is, at least as far as the
predictors are concerned. Also, H = H? gives h; = h?—kzk# hi; > h? = hi(1—h;) >0=h; <1.

— —0.5 < hy; <05 (i #j). From hy = hi + 3, 1 hi,,

2
= hy

2

> hii=hi(1—h) <

k#1

<

1=
o
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— The average hat matrix diagonal is

E:

S hi _te(H) _p

n n n
The fitted values is ¥ = X3 so that E(Y) = X8 and Var(Y) = 02X (X'X) "' X’ = 02H < Var(e).
The residual is e = Y — X3 = (I — H)Y = (I — H)e, so that E(e) = 0 and Var(e) = o2(I, — H).
Hence, Cov(e,Y) = Cov[(I — H)Y,HY] =0 as H2 = H.
Since var(e;) = 0%(1 — h;;) depends on the diagonal of H, the residuals are sometimes scaled.

— Internally studentized residual:

r; = S\/%hi = 7= 52(1612_}”), ~ (n—p) ><B(\,ta<;,n§1> ,
where S? = Y'(I — H)Y/(n — p) = ¢’¢/(n — p) is the usual estimate of 2.
— Externally studentized residual:

e?

= t2:77 ~ Fipn_p- ’
' 5(21')(17}“) el

e;
where S(;) is calculated from the n — 1 data points that remain after deleting the ith case.

Show B = r2/(n — p) ~ Beta(1/2,(n —p —1)/2).

Proof: Since e; = (I — H)Y = c.(I — H)e,

t; =

€(I —H)eie;(I —H)e  €Qe € Qe
(n—p)S2(1—h;) €I —H)e €(I—H—Q)e+eQe’

where € ~ N, (0,021,,) and Q = (I —H)c;ci(I—H)/(1—h;) is a projection matrix as ¢;(I—H)c; = 1—h;.
Note Q(I — H) = @@ # O and hence the numerator and the denominator are not independent. Yet,
I — H — @ is another projector and Q(I — H — Q) = O, leading to €'Qe 1L ¢’(I — H — Q)e by Craig’s
theorem.

Finally, since rank(Q) = tr(Q) = 1,

B = X% o X%/Xifpfl . F B (1 n_p_]_>
-2 2 — 5.2 ~ ta| =, —— | .
Xn—p—1+X1 1+X1/Xn—p—1 n_p_1+F 2 2

from the following important relationships:
aF F a B
F ~ Fa B = = ~ B 1 -, =
sz BtaF  BjatF ea<22)
B BB (8/a)B

[0
B~Beta 2,2 F= - ~ F,
ea<T2> = al-B) 1-B 8

Let B(i) denote the LSE of g without the ith case. Then

> ~ (X/X)ill‘,,;(i,;

Proof: Since X{i)X(,,;) = X'X — z;2} (outer product),

(X' X))l (X' X)L
1—h; '

(XEnX(i))’l =(X'X —z)) ' = (X'X)7 4
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Further, since XEZ.)Y(Z») =X'Y — 2,;Y;,

(X' X)L (X' X) !
1—

S s (X'X)w(Y; - X8
N ﬁ@):b’—( )f;ih i)

(X(oyX @) ' X (Yo = (X' X)) + (XY — 2,Y;)

We see that the change is proportional to the residual but greatly inflated if h; is close to 1.

Using the above, we have a relationship between two estimates of o2.

~ heiei 17 hiiei |2 hiei \’
2 / 2 141 _ 1Ce ) 164
(n—p =183 =D [V — 5] —2[6”1;%} _Z[e”lhi i)

ki ki k=1

Since He = H(I — H)Y =0 and Y, hi, = h;,

hie? 61'2 — (TL o p)S2 o €12

o —1)S2. = (1 — )S2? _ .
(n p )S(Z) (n p)S + (1 _ hi)2 (1 _ hi)Z 1—h;’

i.e., SSE(,) = SSE — 622/(1 - }l,,;).

Hence, from e?/(1 — h;) = 252, we have

e? r?(n—p—1) B
t2: L =2 = —p—1) ~ F n—p—1-
TS 0-h) n-p-r? —gn—r=b Ln—p—1

By the way, the i-th leverage value without i-th case is given by

/ -1 h12 hi
hi@y = xi(X(i)X(i)) i = hi + 1—hy T hi

HW3 Question 3. Let ¢; be the i-th coordinate of the standard basis and you want to test whether
the ith case is problematic in the model y = X3 + ¢;d + €, where € ~ N,,(0,021,,). Show that the test
statistic for testing Ho: 6 =0 vs Ha : d # 0 is t7.

Solution: Suppose X € R™*P with the rank of p. Let SSEg, and SSEy, be SSE under Hy and H,,
respectively. Then SSEy, = (n—p)s®. where s? is the estimated error variance under Hy : E(y) = XJ.
We can estimate § and g, by considering this model as a G model

8= (dQxe)  eQxy = [E(I — H)e))Vche =

Bu, =B — (X'X)"'X'¢;6,

1—h;’

where 3 is the LS estimate under Hy. Hence,

2
o~ -~ -~ €
SSEs, — SSEu, = [[(XBa, +eid) = XB|I* = (I — H)eil|* = =+
2

= SSEu, =SBy, — 1= = (n—p - 1)s3,),

so that the test statistic can be written as
SSEx, — SSEg,)/1 i
F— ( Ho H,)/ = G = ti2 ~ Fipp-1.

~ SSEp,/[n—(p+1)]  sfy(1—hi)
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Type of outliers

Two types of outliers. 1) There may be a big difference between x; and X, which is called a high-leverage
point. 2) a large difference between Y; and the mean z}3, called such a point an outlier.

Outliers that are not high-leverage points do not have a strong influence on Y unless they are very
large. The situation is very different when outliers are also high-leverage points.

Since }Aﬁ =1 B + e;, it is reasonable to treat e; as estimate of the error ¢; and examine the residuals for
extremes. We can use the raw residuals e;, r;, or ¢;, which are adjusted to be identically distributed.
Since t; ~ t,,—p—1 in the absence of outliers, a reasonable distribution of ”large” is |t;| > 2.

The diagnostic approach described above works well if the data point in question does not have high
leverage. If it does, we cannot expect the corresponding residual to reveal the presence of an outlier.

Suppose that the ith response is recorded as Y; — A; rather than Y;, so that Y; = /8 + A; + ¢;, which
we can interpret as the error being changed by an amount A;. Let A be the vector with ith element
A; and the rest zero. Then

Ele)=(I-HEY)=(I-HA = E(e)=(1-h)A;,

which means that if the x; is close to Z so that h; is small, we can expect the residual to reflect the
outlier quite well. Since h = p/n, a reasonable definition of a high-leverage point is h; > 2p/n.

Leave-One-Out Case Diagnostics

Case diagnostics focus on identifying outliers. But outliers are not always bad.
Change in fitted values:
mi(X’X)*lxiei . h;e;
1—hy S 1-hy
33;3— m;ﬁ(i) B ez‘h;/Q . < h; >1/2
= =t .
Sai?  Sot—h) “\T=h

DFFITS; = a3 — /) =

DFFITSS; =

Covariance ratio:

S2 (X! X))t 52\ " / o 2\ P
covratio — PoEwXm) |:< <Z>> X' X| :<” p—1_ tzp) 11

1S2(X/X) | 57 ) IX[, X0l n-p | n- y

since \X&.)X(M =|X'X — 2| = | X' X||I, — (X' X) ozl = | X' X|(1 — 24(X'X) " 2;) and

e2
(n —p)S? (n—p— 1)5(21) tin n—-p-—1 t2

= = —+ .
(n —p)SE, (n —p)SE, n—p  n-p
Cook’s Distance: Analogy to F-test statistics,
D — (B = B)X'X (Bu) — B) _ o ehi 2 hi
' pS? pS*(1—hi)?2 "p(l—hi)

Thus, a point will have a large Cook’s D if it has a large r; or is a high-leverage point (close to 1).
Volume of confidence ellipsoid

(B\(i) - B\)/X(IZ)IX(i)(B(i) - B)
PSG)
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e Andrews and Pregibon Statistic. Consider the augmented matrix X4 = (X,Y).

18

19

|ZEi)Z(i)| SSE(i) |X€i)X(i)| e2 r2
AP, = = =1- | (1—h)=(1-—¢ 1—hy
|2/ 7] SSE | X'X]| SSE(1 — hi)] ( ) ( - _p> ( )

since, by |A| = |A11|A22.1| = |A22||A11.2],
77 = | X'X||Y'Y - Y'X(X'X)'X'Y| = | X'X|[Y(I, — H)Y]| = |X'X| x SSE.

Note that since r2/(n —p) has a Beta(1/2, (n—p—1)/2), the first factor of this statistic is Beta((n—p—
1)/2,1/2). The AP statistic can be interpreted as a hat matrix diagonal. Let h; 4 be the ith diagonal
element of the hat matrix based on Z, then AP, =1—h; 7.

Added variable plot

Consider the usual regression: E(y) = 8o + S121 + - + Br—1Tr—1 + Bpxk-
If we have n observation, we can estimate Bk by setting
Bo
E(y)=p o2-ap—1) | | +axbr = XB + zxBy
Br—1

to obtain Bk = (2}, Qxy) " 2},Qy, where Q = I,, — P. P projects a vector onto L(z1,...,z5-1) = V.
How can we obtain Bk graphically?

1. Regress y on x1,...,T,r_1 and keep residuals as e; = Qy = y,f, where 1/ e; =&, = 0.

2. Regress z on x1,...,xr_1 and keep residuals as es = Quy = Tkl, where 1/, e5 = 5 = 0.

3. Regress e; on es, i.e., e = Yo + 71€2. Then the least squares estimates 79 = €; — 7162 = 0 and

51 = ol esen  eher  (Qu)(Qy) | xQu  (y,xp) B,
n b - - - - - .
D1 €3 [[e2]|? Q|2 2. Qzy [l ]?

Added-variable plots are plots of r; against ro, which is helpful for identifying influential observations;
suggesting whether the relationship is monotone or not as well as checking for nonlinearity.

Test for Outliers

Suppose that we wish to test if k& observations contain outliers, assuming that the remaining n — k
cases are clean. Arrange the data so that the clean observations come first, followed by the k& possibly
outlying obs. We will use the outlier shift model.

0
Y=X8+Zv+e, Z= <1),
k

where 7 is a k-vector containing the shifts for the possibly outlying obs. Let H be a hat matrix under
H:vy=0,ie, H=Px =X(X'X)'X’ and let

Hy Hio
H:
<H21 sz)’
where Hyq isn—k by n—k, and (I — H)Y = e = (e}, ¢e})’. Then the LSE of ~ is

F=Z2'(I-H)Z|'Z'(I1 - H)YY = (I} — Hy) 'e,.
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Further, the numerator of the F-test for testing H : v = 0is 7' 2" (I — H)Y = €4 (I — Ha2) 'ea, so that
the F-statistic is given by

e'Q(Ik — HQQ)_leg/k‘

F = SSEy = eIy — Ha) Tea (i —p— )

When k& = 1, we can test if the ith observation is an outlier. Then

o /(1 - hy) __-p-neE
[SSEH—e?/(l —hi)]/(n—p— 1) (1—hi)SSEH—€Z2 ‘

~ Fl,n—p—l

under H, i.e., when the ith observation is not an outlier; a large F suggests otherwise as €? is large.

Remedies for Collinearity

Centering and scaling do not cure collinearity, just lead to simple formulas.
— Scaling merely changes the units of measurement and leads to variability on a different scale.

— Centering merely reparameterizes the regression surface, while the estimated surface (i.e., the set
of fitted values) remains the same.

There are three ways to overcome the effects of collinearity.
1. Collect fresh data to repair the deficiencies in the regression matrix. But this is not always possible.

2. Discard variables until the remaining set is not collinear. Yet, the variable deleted may well have
a relationship with the outcome.

3. Abandon the use of least squares and use a biased estimation method such as ridge regression
and principal component regression.

Shrinkage estimators

As mentioned above, we may wish to abandon the use of least squares. Instead, we shall use various
shrinkage estimates where the least squares estimates of 3 are shrunk toward zero.

Define MSE(3) = E[(B — 8)'(B — B)] = EJ||B — B|]]2. If B is unbiased, then MSE(3) = Var(j3).
Consider a shrinkage estimate 8 = B/a (a > 1). f is biased as E(3) = 3/a < 8 and hence

MSE(8)

E[||B - E(B) + E(B) - 8]’
E[|B - E(B)I*] + E[IE(B) - )17
tr[Var(8)] + Bias?

Suppose 3 ~ N(1,1) and hence 3 ~ N(1/a,1/a?). Then

MSE(j3) = % + (1 — 1)2 = g(a).

a

Note when a = 1 (unbiased), g(1) = 1. Taking ¢'(a) and ¢’(a) > 0 shows MSE(f) is minimized at
a=2;g(2) =0.5 < g(1). That is, this 8 is biased but more efficient than j.

Stein Shrinkage. Consider Y ~ N,(u,0°I,), where p > 2. Then the LS estimate ;1 = Y is the
minimum variance unbiased estimate. However, its squared length || Y]|? = Y'Y tends to be too large;

E(|al*) = BIIY|]* = &5 + tr(o®L,) = [A]* + po® > ||@]>.
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This suggests ”shrinking” the elements of Y, and considering an estimate of the form g = Y, where
0 < ¢ < 1. @ is biased, but it is possible to choose ¢ so that g has a smaller MSE than g =Y (¢ =1).

E|p — pl? = EllcY — p|?
= PE|Y|? = 2¢E(Y'n) + ||p]?
= A(|pl® +po?) — 2¢|ul® + [|pll* = g(c).
Since ¢'(c) = 2¢(||p]|? + po?) — 2||p]|? and ¢”(c) = 2(||p||* + no?) > 0, g(c) is minimized at
72 po’ ~ < po? >
=Ty DT o) o op=(1- 2T )y
le]|? + po® l]]? + po l]]? + po

Unfortunately, this is not a practical estimate, since |||, we are trying to estimate, and o2 are unknown.
In practice, we use the Stein’s estimator

- co? )
p=1-75351Y,
( Y]]

where c is some constant, as we know F||Y||? = ||z|* + po?. Further, James and Stein showed that of
all estimates of the form (1 —b/|Y|)Y, the best of choice is b = (p — 2)5?, i.e.,

~ (p— 2)82>
f= (1 - P27y,
Y2
which can be improved even further, though.

This James-Stein shrinkage estimate also has a nice Bayesian interpretation. Suppose p; 4N (0,02)
indep

and Y; | s~ N(u;,0?), then

0.2

Y ~ N(1-w)Y, wol =
12 ‘ (( w) , Wog iU)7 w 0_2 + 037
meaning that the Bayes estimate of p is the posterior mean (1 — w)Y.

Assuming that o2 is known, this Bayesian approach requires that we specify a value for o3. An
alternative approach is to consider the marginal distribution of Y as Y ~ N, (0, (6% + 03)1,), as

p(yi) = /DO p(yi | pi)p(pi)dp; = -+ - = ;eXp [—2('1/2] :

—oo 27 (0% + 0d) 0% + )

so that we have

Y'Y ) 0%+ o2 1
—_— ~ = F = .
o2 +o3 " X ( Y ) p-2

It follows that (p —2)/|[Y|? is an unbiased estimate of 1/(0? + 03), leading to estimate . This type
of estimate, based on the posterior mean with the marginal distribution is called an empirical Bayes
estimate.

In the case of regression with p orthonormal predictors and no constant term, we can apply the James-
Stein estimate directly by setting Y = (3 and p = (. In the orthonormal case X'X = I,, 8 ~
N,(B,0%1,), so that the Stein’s estimator becomes

~ o2
f"(“nw)ﬁ’

where ¢ may be p — 2. This has the smallest MSE.
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e Assume Y | 8 ~ N, (X3,0%I,) and the prior 3 ~ N,(m,c?V), then the posterior mean of 3 is

22

=EQ@B|Y)=V '+ X'X)HX'Y +V Im).

If we take V = r~1I, and m = 0, then the Bayes estimate is ET = (X'X + rl,)" ' X'y, which is the
same form as the ridge estimate. If V = r~1(X’X)~! and m = 0, then

~

B
1+7r

)

B=0+r)""(XX)'XY =

which is often called the James-Stein regression estimate.

Ridge regression

Ridge regression has a means not only for improving the estimation of 8 when the predictors are highly
correlated, but also for improving the accuracy of prediction. The ridge estimate is given by

Bo=(X'X +7L) X'y = (X'X +r,)"'X'XB, r>0.

B, is biased; E(B,) = (X'X + rl,) ' X' X3 # B unless r = 0.

Let A1,..., A, be eigenvalues of X'X, then by spectral decomposition, X'X = TAT’ , where TT" =
T'T = I,. Further let T = (¢1,...,t,). Then,

@)
N
=

~
S
)

|
=)

p
e —1rv e (Y
Br =TA+rl,) " T'TAT'S = E )\i n rtzti

P

p i . p )\1 2 .
Var(j, =ZZCOV(/\ e tt@/\ i t]tjﬁ) Z(Aﬁr) t;t} Var ()
=1

i=1 j=1

p p
1 ~
— 52 < g2y it =V :
M it 5 Y gt = Var(B)

since t}t; = ¢;; and Var(B) = 02(X'X)~! = ¢>TA~T". Check if r = 0 for verification.
Compare the two estimates, taking trace and determinant. Note tr(¢;t}) = tr(tit;) = 1 and |T||T"| = 1.

r(r+2\;) <0

alvar 5]~ ufvar(B)] = * Y- | 53 - | =t R <

2

) <1

Thus, tr[Var(Er)] < tr[Var(B)] and det[Var(ﬂr)] < det[Var(B)], i.e., The trace and the determinant of
the ridge estimate are smaller than LS estimate.

<.
i M's
I

(Var(B)] T % -

|Var(B,)|  TIi- 1W ﬁ(

What about the difference in trace of MSE? MSE consists of variance and bias. The bias of BT is

~ P by A £ r ’
E(Br)_ﬂ:;(/\i+7' )titzﬂ——Z(/\iJrr)titzﬂ <0

i=1

and B is unbiased, so that
M(r) = tr[MSE(B,) — MSE(F)

-~

= tr[Var(B,)] — tr[Var(3)] + [(Bias of B3,)(Bias of ,)’]

B Z a?r(r + 2)\ IZ t.g i \i(t:8)2 — o2]r? — 202\
— (A +1)2 — /\+r 71_:1 (N +7)2N '
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By a complicated calculation, the derivative is

Z 2)\1 t/ (72]
_ (N +T ’

Jj=1

which is zero if 7* = 02 /(t;8)?. This implies that there exists some r > 0 such that M(r) = 0. That is,
we can find some r > 0 such that tr[MSE(S,)] < tr[MSE(S)], B,) is more efficient.

Also, we can compare the two mean squares errors themselves. Then for some r, MSE(BT) = MSE(E)
Let G = (X'X +rI,)! (G’ = G), then we have 3, = GX'y and

E(B,) =GX'XB=G(X'X +rL)3—rGB = —rGp.
Thus, bias of BT is E(B\r) — B = —rGp. Hence,
MSE(B,) = Var(3,) + (Bias)(Bias) = 02GX'XG + r?GBB'G = G(c*X'X + 288G
MSE(3) = Var(3) = 0*G[G (X' X)~'G7 G = Go® X' X + 20°rI, + o*r(X'X) G,
so that

A = MSE(B) = MSE(B,) = Glo”(2r], + r*(X'X) ") = 1B8/]G
=rGlo® (2, + r(X'X)™") —rBpG

Since G = O, A = O iff 62(2I, +7(X' X)) —rBB" = O. So, the sufficient (not necessary) condition is

BlI* >

2 T
2aIp—7~55/tO@Ip— 2026( %Zﬁ> -0 < 1 22

Hence, MSE(f3) = MSE(3,) at least when 0 < r < 202/||3||2 as ||3]|2 > 0.
Lemma: I, —aa’ > 0 & 1—-a’a>0.

(=) If I —aa’ = O, then x'(I — aa’)x = |x||? — (a’x)? > 0 = (a'x)? < ||x/>. But, Chebyshev’s
inequality says (a’x)? < |x||?||al|?, implying that a’a < 1 is necessary.

(<) If 1 —a’a >0, then x'(I—aa’)x = ||x]|? — (a’x)? > ||x[|*(1 — a’a) > 0, meaning that I —aa’ = O.

Principal Component (PC) regression

Principal component analysis (PCA) is a dimension reduction technique that finds the most informative
linear combinations of the random variables = € RP by transforming it into a new coordinate system
where the principal components capture the most variation in the data.

That is, let Cov(z) = X, then we want to find a; that maximizes
Cov(ajz) = )Xy subject to aja; = 1.

Given a predictor matrix X = (x1,...,2,) € R™*P that is column-normalized in advance. Normalizing
X (at least centering it) is essential because PCA is sensitive to data centering. Then we use X to
estimate the covariance as

A
P XX.
n—1

Hence, we practically consider maxq;qa, =1 ay X' Xay. Then o is the largest eigenvector of X'X.
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24 Ridge vs PC regression using SVD

e Consider a standard linear model: Y = X[ = e.

e By the singular value decomposition of X, we have X = UXV’, where ¥ = diag(o1,02, -+ ,0p),
assuming o1 > g3--- > 0, > 0, and U € R™*? and V € RP*P are both orthonormal sets of vectors
denoting the left and right singular vectors of X, respectively.

e In this setting, the fitted values for ridge regression are given by
i}ridge = Xf\
= X(X'X + )" 'X'Y
=USV(VS2V/ + A,)'VEU'Y -U'U =1,
=USV' V(22 + ALV VSUY VvV =1,
=UX(X*+ \,) " 'SU'Y
P o2
_ i J /
= z;u] 70? n )\qu.

e In terms of PCA regression, we can write E(Y) = X8 = o + X(VV')8 = (XV)(V'B) = W~, where
the columns of W = XV are called the (full) principal scores. We can choose the value of k € {1,...,p}
so that W, € R"*¥ and v E R¥. Then since X = UkEka’ so that Wy, = XVi, = UpX, we have

k
Yoca = Wie(WiWe) "' WLY = UpSk(SpULURSR) ISR ULY = Uy ULY = Zuju;y.
j=1

e We see that PCA sets the k largest singular values to be 1 and the remaining smaller ones to be 0.
On the other hand, for Ridge regression, A shrinks the effect of each principal component by a factor
or O'JZ / (0.72- + A); in particular, it has a smaller impact on larger singular values but a bigger impact on
smaller singular values, meaning that ridge regression is interpreted as a soft PCA regression method.

25 Wald/Score/LR test

~ ~

e Wald test. Let 6 be the MLE of § € RP. Then 8 ~ N,(6,1-1(6)). Var(d) = I-*(6) = Var(d) = (9.
Under Hy : 0 = 6y, the Wald test statistic is given by

Xw = (0—00)1(60)(8 —60) or (8—00)I(0)(H—6)) ~ x2(0).

e Score test. Define the score function u such that

_Onf(y|0)
00 ’
Since Var(u) = E(uu’) = I(6), we have u ~ N,(0,1(0)). Under Hy : 6 = 6, the score test statistic is

Xs = u'(00)] " (0o)u(0o) or (o) (D)u(fy) ~ X;3(0),

u=u(y|0) E(u) =0.

where there are no other nuisance parameters (for the first definition).
e Likelihood Ratio test. Let € be the whole parameter space and
6= arggeq max £(y | 6),

0o = argpe p, max L(y | 0).

Then LR test statistic A and the asymptotic null distribution are

_L(§0|Y) C “9InA = N (D D, 2
A=gn ) (€9 —2A=20@) - (@) = x50

34



26

The likelihood ratio statistic is invariant under parameterization (e.g., log or exp). However, the
calculation of a likelihood ratio test requires fitting two (smaller and larger) models compared to only
one model for the Wald test (larger model) and sometimes no model at all for the score test.

The Wald statistic is not invariant to the parameterization chosen. The Wald statistic uses the MLE
but not the value of the maximized likelihood, unlike the LRT statistic.

The three test statistics are asymptotically equivalent and are thus expected to give similar results in
large samples. Their small-sample properties are not known.

Detecting Nonconstant Variance
We consider Y; = z}8 + ¢;, where
var(e;] = (7,,2 =w(z;, A) = wy,
where o7 depends either on the mean E[Y;] = 3 or on vector of (possibly additional) known predictors
z;. Also, w is a variance function with the property that for some Ag, w(z, Ag) does not depend on z.

Then although the least squares estimate of 3 is still unbiased, it may not be efficient if o2 # o2 (non
constant variance). We need to test Hy : 02 = o2 or equivalently, Hy : X = Ao.

A popular choice is w(z,X) = exp(z’X), where z = (1,21,...,2). In this case, Ag = (Ao,0...,0)" and,

for this value, var[Y;] = exp(2’Ag) = e = 2.

The residuals e from a least squares fit contain information about the variances. If 3 = diag(o?,...,02),
then Var(e) = (I, — H) Var(Y) = (I, — H)X(I,, — H), so that

varle;] = Ble?] = (1 — hy)%0? + > hi,0%.
ki

b; = €2/(1 — h;) are useful when making various kinds of graphic displays. When H is true, then

h2.
1 = — h )2 ke 2 2
E[b;] = (1= hy)o +Z 1 7hi0 =0
k#1
since h;(1—h;) = >, £i hZ,. Thus, when the variances are constant, the b;’s have constant expectations.
Even if the variances are unequal, the fitted values )71 = x B still have expectation E[Y;]. However, obs
with large means often have large variances, too. Thus, plotting the b;’s (or equivalently, 7?) against

}A/i should result in a wedge-shaped display if the variances increase with the means. Alternatively, e;’s
(raw residuals) against Y; have a fan-shaped pattern, indicating variances increasing with the means.

Inference. The log-likelihood function is given by

1 1 _
€8N = c— log(IS)) - 5(V = XB)'SHY - X§)
B 1 < 1 <~ (i — 24B)?
so that the score functions are

%_ Iy—1 _ _ Iyv—1
aﬁ_xz (Y —XB) = X'S e,

o 1|1 (Yi—ajB)?) Ow
a2 [E{wz_ w? oN |7

1=

The MLESs can be obtained by the following algorithm.
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1. Put A = )\ to set X.

2. Compute 3 = (X'S71X) 1 X/$-1y.

3. Solve 86(3, A)/OX = 0 for A to update X.
4. Repeat steps 2 and 3 until converge.

e In the special case w; = exp[ziA], step 3 can be implemented as a least squares calculation. Then

Bl4 Iew/1 € 1 & €2 1
- _Z v Ly, — — 1— == ,:,Z’dfl,”.
D ) EUEE O (R EES !

where d; = € /w; ~ x3, d = (di,...,dy), d; L dj (i # j), and Z is the matrix whose ith row is z;.
Then the information matrix is given by

Var 36) Cov (8( ot >

_ 0p B> N X's7'X 0
1(8,2) = v e Bl ( o izz)
Cov | —, — Var [ — 2
N op )

since cov(e;, d;) = 0 for all ¢, j. To solve the likelihood equations we can use Fisher scoring as follows:

Bims1) = (X/i(_n}b)X)le@(_é)Y

/A\(m-ﬁ—l) - /A\(m) + (Z/Z)ilz/(d - 171,)
i\:(Tn,+1) = dla’g |:w(21, A(m))a s ,UJ(Zn, A(’I’n)) .
Note: Z’Zx(mﬂ) =7Z'"(d—1,+ Zx(m)) are normal equations for a regression of d — 1,, + Z A,y on Z.

e We can test Hy : A = \o (X = 021,) using a likelihood ratio test or score test. The score test has the
advantage that we do not have to calculate the unrestricted MLEs. The score test statistic is given by

ol ' N
(8/\ HO) I(Ho)j (8/\

Proof (250B HW4). we have the score functions (the score vector)

HO) = %(u —1,)D(D'D)"'D (u — 1,,).

ot ol 1o e\ 1 dw;
_ X/271 ot 1— S L ) )
98 R Z;( w) w; dX
Under Hy : X = Ao, since ¥ = ¢%I and w; = 0?2, the score functions are

ol X'e  Of 1 (€ dw; 1
== S o N (L ). pa-1
Bly, o’ 8)\‘1{0 202 ; (02 ) d\ 202 (d=1n),

. . inde
where D is the matrix with i-th row (dw;/OX) and d = (dy,...,d,), where d; = €2/o® "~ x3. Then
their variances and covariances are, respectively,

I ! !
Var ot — Var X'e\ _X Var(e)X _X X7
By, 02 ot 02
or B 1, _ D'Var(d)D D'D
Var (8)\ HO) = Var (WD (d— ln)> = 107 =51
ot ot B Xe 1 _, _ X'Cov(e,d)D
COV <%, a Ho) = COV (0_2, @D (d - 177,)> - 20_4 =0
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because var(e) = 0 and cov(e;, e?) =0, 7 # j. Hence, the information matrix under Hy is

Therefore, the score test statistic is

or I 1 or 1 / o
(8)\ HO> I (HO))\A ((‘”‘H[)) = §(d — ]-n) D(D D) D (d _ ]-n)

In practice, since € and o2 are unknown, we replace them with e; and 5> (MLE of 0?), respectively.
Further, let u = d = (uy,...,u,), where u; = d; = €2/52, then the score test statistic is replaced by

1 ~ o~ o~ ~
§(u -1,)DD'D)"'D'(u-1,).

27 Lack-of-Fit Test

e The lack-of-fit test compares a simple regression E(y;;) = z;8 = 1, (reduced model) with one-way
ANOVA y;; ~ N(p;,0?%) (full model), assuming the linearity.

e Needs multiple observations at various predictors:

/

ny obs. at 7. = (z11,...,T1p),
/

ng obs. at x5 = (z21,...,T2p),
ro_

ng obs. at x, = (Tg1,-- -, Tgp)-

Let n = Y.Y_, n;. The model is given by

Y1 1.
/
Yin, Ty,
/
Yg1 J}g'
/
ygny xg.

Wish to test Hy : E(y) = X = n (linear) vs. Hy : E(y) = v # n (nonlinear).
o Let y = Py and then y;; =y; for Vj =1,...,n;.

e Let Pr = rg (wrong place). Then r — ry is called a mean model residual vector and the lack-of-fit
parameter is defined as A2 = (r — rq)'(r — r9). Then Hy : E(y) = n is equivalent to A% = 0.

We can split ¢’y into

y'y = SSReg + SSE = /Py + /(I — P)y
= SSReg + SSLoF + SSPE (pure error)
=Ji+y (I -P-Uy+yUy

g n g ng g ng
= ZZ@Q + ZZ@, —5.)° + ZZ(?JU ~5.)%

1=15=1 1=1 j=1 =1 j=1
g g g n;
ST RS S NN o o TRERT)
r=1 r=1 i=1 j=1
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where
U=U'=U?= , rank(U)=tr(U)=n—g
0 I, — &

nxn

and rank(l — P—U) =n—p— (n—g) = g — p. Note that UP = O since

i,
In1 % O .’L'll
UX = =0
0 L, =5 ) | %
a:;_
Then U(I — P—-U) =0 = SSLoF 1L SSPE by Craig’s theorem. The F-statistic for testing Hj is

_ MSLoF
~ MSPE g

e Note that we cannot conduct a lack of fit test if ¢ < p since df for SSLoF is less than or equal to 0.
e If Hy is rejected (F is high), we conclude that the regression (reduced) model is not adequate.

e Corresponding expected mean squares are, under Hy,

/P /
E(MSReg) = <y y> o +%,

2
E(MSLoF) = E I=-P- U} A 2
g

+0o°,
—p

n—_g

'Y’Y

n

E(MSPE) = E <” U” )
E(MSTO) = E (y)
n

e In practice, run a regression to obtain

SSE=> " (s, ~7:)’, SSPE= ZZ Yis = i)
g

i=1 j=1

then calculate SSLoF = SSE — SSPE.

28 Linear Mixed Effects Model

e Consider a linear mixed effects model

y=XB+Zu+eeR", u~ Ny 0,D), e~N,0,R), ulle

e Since y | u ~ N, (XS + Zu, R), the joint density of Y and w is given by f(y | u)f(u). Hence,

(B,u) = C = Jlly— X — ZuY R~ (y — XP ~ Zu) + /D],

8€ %_ I p—1 _ _ _ —1
3ﬁ_XR Yy — XB — Zu), au_ZR (y—Xp—Zu)— D u
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so that we obtain the Henderson normal equations:
X'R'X X'R™'Z B\ X'R™ 1y
Z’R'X ZR1'Z+D7')\u)  \ZR1ly)

The second equation follows @ = (Z'R™'Z + D)1 Z'R~}(y — X ).
Let V = Var(y) = ZDZ' + R, then, by Sherman-Morrison formula,

V'=([R+2DZ)'=R'-R'Z(ZR'Z+D ) 'ZR".

Substituting w into the first equation,
X'R'XB+X'R'Z(ZR'Z+D ) 'ZR ' (y— XB)=X'R 'y
= X'R'XB+X'(R' -V Y)(y—XB)=X'R 1y
= XVIXB=XVly = [=XV X)XV

By standard algebra,
(ZR'Z+D YDZ' =Z'R'ZDZ' + 7' = Z'R""(ZDZ' + R) = Z'R™'V
so that u can be expressed as follows:
U= (ZR'Z+D Y)Y 'ZR'WV ' y—XB)=DZ'V 'y - X7),
which is called BLUP (best linear unbiased prediction) of u. Let A = V'~V 1 X(X'V 1 X))~ 1 X'V L,
u=DZ'V U - X(X'V'X)' X'V y = DZ' Ay.
An alternative approach to get w is to use the Lagrange multiplier. We seek C' € R9*™ such that

E(Cy) = E(u) = 0. E(Cy) = CXp follows CX = 0 is a necessary condition. Under this restriction,
we want to choose C' that minimizes

Cov(Cy — u) = Cov(Cy) — 2 Cov(Cy,u) + Cov(u) = CVC' —2CZD + D,
leading to the Lagrange function and the derivatives w.r.t C' and L

r(C,L)=p (CVC"—2CZD)p —tr(CXL), Vp,
or , - Iyl o s _
o5 =2 (CV = D'Z) = L'X' =0, == =C'X' =0,

Then combining them yields
2p'CV =2pp'D'Z' + L' X' = 2pp/C =2pp'D'Z'V 1+ L'X'V !
= 2p'CX =2pp/D'Z'V X+ L'X'VIX =0
= L/ — _2pp/Dlzlv—1X(le—1X)—1
Substituting L’ into the first derivative gives
20p'(CV —D'Z") + 2pp' D' Z’V X (X'VIX)IX =0
= 2pp'CV =2pp'D'Z'[I -V I X(X'V'X)'X'], Wp
= C=DZV - XXV 'X)"' X'V
= Cy=D'Z'V'(y - Xp).

39



e Compute some variances and covariances. Again, u |l e.
1. Var(y) = ZDZ’'+ R =V and Var(u) = D.

Cov(y,u) = Cov(Zu + €,u) = ZD.

Cov(B) = (X'V1X)~L.

Cov(u) = DZ'AVAZD = DZ'AZD as AVA = A (just calculation).

Cov (B, u)

Cov(B,u) = (X'V1X)"1 X'V Cov(y,u) = (X'V-'X)"'X'V-1ZD.

Cov(u,u) = DZ'ACov(y,u) = DZ'AZD = Cov(u).

Cov(u — u) = Cov(u) — 2 Cov(u,u) + Cov(u) = D — DZ'AZD.

(X'VIX)"1X'V~! Cov(y)A'ZD = (X'VIX)"1X'A'ZD = 0 as X'A' = O.

S

® N> ot W N
<

e u can be interpreted as the estimate of the mean for u given y.

(Z) NNq*"(()?g)’(Z% DVZ/>) = u|y~ N (DZ'V-'(y—XB),D—DZ'V-'ZD))

= E(ul|y)=DZ'V~'(y— XB)
= BE(u|y)=DZV~'(y— XB) =1.

e Consider a 1-way random effect ANOVA y;; = p+71+¢5,i=1,...,aand j =1,...,n. Let N = na.
We can write a matrix form

1. 00 0 T1
y=1lyp+Zu+e, Z=1:. . ol ou=| |,
o oo - 1, Ta
Nxa
where D = 021, and R = 0?Iy. Then
o2 Jp + 0%, - 0]
V=2ZDZ'+R=027"+0’Iy = : 0 : N xN.
0] w02, + 0%,
We can obtain 1 = (1, V"'1y) 11,V "1y =7 and
0o Y.~ Y
u=DZ'V ' y—1np) = 5 : x 1
b (y = Inii) o?24+ac2 | - “
Ya. — Y

e Use linear mixed effects model to enlarge longitudinal data. Consider a linear model for subject i,

Yi1 1 x5
El)=1| : |=1]: - (5‘”')21@.

) Bui
Yn;1 1 Tn,l
Suppose there are 3 groups (L;: low dose, H;: high dose, C;: control) and assume

_{ Bo + bio

i = ki bi ;
h + Bo + B1Li + BaH; + B3C; + by

153 =
~
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where £ is a fixed effect and b; = (b1g, bag)’ is a random effect between subjects (independent of 7),

P S
=\ L oH o)

Then Y = Zz(klﬂ + bl) +€e= szlﬂ + Zzbl +eis a form of Xﬂ + Zqu €.

Bayesian Estimation

We assume to be multivariate normal, Y ~ N,,(3,021,), and now wish to incorporate prior knowledge
about @ with density f(0). Our aim is to make inferences on f(6 | Y = y), the posterior density of 6.

By Bayes theorem, f(0 | y) = cf(y | 0)f(0) o< f(y | 0)(0).

Usual assumptions of § = (3, 0) is that they have independent prior distributions: f(6) = f1(8)f2(0).
Frequently, one uses the noninformative prior in which g and log o are assumed to be locally uniform
and o > 0. This means that f1(8) o< 1 and fo(0) o< o~ '. Proof of the latter: g(logo) oc 1. Let v =0
(logo = logv), then fy(0) = g(v)dloga/dv = o~L. These priors are described as improper, as their
integrals are technically infinite.

Using these, we obtain
_(n 1
P50 9) x (02) " 2 exp (- o = X )

Integrating out o, we have

o0
101w [T ( Lol 5w)w

mmwxw%W2< w)
=[(n—p)s®+ (8- B)X wfmﬁw
~7-—n/2
L B=BYX'X(5-F) |
(n —p)s?

meaning that 5|y ~ t,(n —p, 37 s?(X'X)71), i.e., p-dimensional multivariate t-distribution.
The LS estimate of 3 can be obtained as the mean of the posterior distribution, 5 = EB|Y =y).

(HW5) The conditional posterior density f(8 | y, o) is multivariate normal since

f@|y@«f@|@@ﬂm=f@|@@aem[—w_ﬂﬂifxﬂ_m]

which means that 8 | y,0 ~ N,(3,0%(X'X)™1).

Suppose Z has a density proportional to z™/2~1 exp(—nz/2) and X | Z = z is multivariate normal with
mean 0 and covariance (1/z)I;. Determine the density of X, its mean and its covariance matrix.

Solution

2

<n+xlx>_(”+k)/2 ( X/x>—("+k)/2
o x (14—
2 n

since we see Gamma((n + k)/2, (n + x'x)/2) in the integral. Hence, X ~ ti(n,0,I).

*° !/
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Use the iterative method to get the mean and variance of X. Again, since X|Z = z ~ Ny (0, (1/2)I}),
E(X|Z)=0, Var(X|Z)=1;/Z.

Mean: E(X)=E(E(X|Z))= E(0) =0 for n > 1; otherwise undefined.
Covariance matriz: Var(X) = E(Var(X | Z)) + Var(E(X | Z)) = E(x/Z) + Var(0) = E(1/Z)1). Here,
we know that if Z ~ Gamma(n/2,n/2), then X = 1/Z ~ InvGamma(n/2,n/2). Thus,

n/2 n

E<1/Z):n/2—1 T n-2

= Var(X) =

I,, n>2,
_2;\, n

otherwise undefined.

Miscellaneous Exercises

Let Y7,...,Y, be independent random variables such that E(Y; | X = z;) = f1z; and var(Y; | X =
x;) = azwfl for i = 1,...,n. If the conditional distribution of Y given x is Poisson and w;l = xy,
show that the MLE is the same as WLS.

Solution: By assumption, we have f(y | ) = e “a¥/y! where the parameter a, is a function of z.
Since E(Y | X = z) = a,, we have a,, = B1z;, so that we have f(y; | z;) = e 1% (B12;)¥ /y;!. Hence,
the likelihood and the log-likelihood are

L(py) = Ce Pz [ Yal = U(B) =C" = BiYy zi+loghiy yi

Solving the 9¢/95; = 0 yields BI,MLE =>,Yi/>  x. If wi_l = x;, the WLS estimate is

B = D@ =) _ Piwde B _g
S > wiTi —T)? o wix? Sz 1,MLE-

Suppose that the regression curve E(Y) = By + B12 + 3222 has a local maximum at x = z,,,, where x,,
is near the origin. If Y is observed at n points x; in [—a, a], T = 0, and the usual normality assumptions
hold, outline a method for finding a CI for x,,.

Solution: Solving dY/dx = 0 glves Tm = —P1/(262). Let U = 61 + 22 B2. Then E(U) = 0 since

51 and 3, are unbiased and o = var(U) = var(ﬁl) + 4z, cov(ﬂl,ﬂg) + 42 var(ﬂg) where Var(B) =
0?(X'X)~!. Thus, we have T? = (U%/0%)/(5?/0?) ~ t2_5 = Fi n_3. The conﬁdence limits are root
of T2 = Flofn73 W.I.t Ty,

Suppose that Y = (Y1, ..., n) where Y ~ N(,u, 2). Find the restricted likelihood for Q'Y and show
that the REML estimate of o2, which is unbiased, unlike MLE.

Solution: Note that @ is a n by n—p = n—1 matrix whose columns form an orthogonal basis for C'(X)*,
the orthogonal complement of C(X). Thus Q'Q = I,,_1 and QQ’ = I,, — X (X'X)"'X' =1, — 1,1/, /n.
Since Y ~ N, (ul,,0%1,), Q'Y ~ N,_1(0,0%I,,_1) as 1,, € C(X). Hence,

Y'QQY YL (YVi—Y)?
n—1 n—1 '

-1 1
tr(0?) = C = T5=logo® = —|IQ'Y|?* = &% =

42
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